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ABSTRACT

Many types of phenomena are investigated by being observed at a
large number of successive points or successive time intervals, ,All
observations are subject to error; and it frequently happens that.the
errors of successive observations are such that the inferred velo-
cities, accelerations, or the like, are wholly incredible as a result
of these errors of observation, In cases of this sort some process
of gmoothing is a necessity; and even where no absurdity is obvious a
smoothing process may be highly desirable, This means a process by
which each cbserved value 15 altered slightly 30 as to bring it into
reasonable relations with those that precede and follow it, In this
there are obviously two conflicting aims, (a) to achieve reasonable
smoothness, and (b) to alter the observed data by reasonably small
amounts. The purpose of this report is to present a method by which
these two conflicting aims are more effectively reconciled than by
any previoualy used method,



Constructlon and Selcction of Smoothing Formulas

l. Nature of the Problem

The general problem of smoothing consists in the determination
in the most plausible manner available of the values of a function believed
to have some simple form of regularity or 'smoothness', when this regularity
has been obscured by the fact that the values of the function which are
supposed known have begen determined by an imperfect method which may alter
each one by somae unknown error. These errors are assumed to have a random
distribution. Their source need not be explicitly specified, They may
arlse as errors of observation, or as an-accumulation of errors of computation
such as rounding errors, errors due to omission of small terms, etc. 4
typical source consists in the accidental errors oteurring in a seQuence
of runs on the Differential Analyzer or other analog machine. The values
originally obtained by the imperfect method will be called the eriginal or
crude values, and the values by which we replace these as more plausible,
the smoothed or adjusted values., The difference between e crude value and
the corresponding adjusted value will be called a residual. We shall 1limit
our considerstion here to entries 1listed against only one argument, and
shall further assume that the values of thils argument are equally spaced,
and hence may be taken without loss of generallty as eonsecutive integers.

2. Tabular Differeonces

The criteria that we shall apply for the smoothness of a sequence
will be expressed in terms of tabular differences, The notatlion to be used
for these will be as follows. The original values will be called Uy Uys Uy,

wa=a, Where u, may be elther the first entry in the sequence or some entry

at which we wish to begin consideration. Successive tabular differences
will be written as followst

]
Ay = vy

n ¢ I
Ay =Agu-0y o

n " H
A “A:L“'Ai-l“

(3+1) (3) (1)
A YA XAV

The tebular difference of any order is defined in terms of differences of
the next lower order. It may therefore be ultimately expressed in terms
of values of the function., Thus

n
[}i ne ui-?.ui_1 + Uy 0
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Ai Umus3uy g 4+ 3uy omuy 4



and in general,

D Ly
A =
k=0

’ hexc the coefflicients bﬂ are the binomial -coefficients with alternating

signs, namely

If the sequence u consists of the successive values of a polynomial of degrae
m, it is well knowm that its tabular differences of degree m + 1 are equal -
to zero. If the values of a sequence are in some interval approximately
eqnal to the values of a polynomial, then the differences of some order may

. be expecled to be small, We take then the criterion of smoothness that the
tabular Jdifferences of some order shall be small; and the process of smoothing
rust tend to decrease on the whole the magnltudes of the tabular differences
of some order. Practically all sequences that we shall deal with will have
the following characteristics. The numerical values of the first order differ-
ences are smaller than those of the values of the function, the second order
dilferenccs smaller than these, and so on for a certain number of orders,

For any one of these orders the values fall into consecutive groups of several
values each, having one algebraic sign, within the GTOUP. For higher orders
the numerical values increase with the order, and in any order, not more than
two consecutive values keep the same sign. If we think of the order for

whiich the numerical magnitudes are least as m + 1, then we may recard the
sequence, at least in some limited neighborhood, as approximately represented
by a polynomial of degree m, If the differences of order m + 1 are small,

the sequence asproximates closely to the values of a polynomial and may be
regerded as smooth. If these differences are not small the process of
smoothing is one that tends to diminish thelr magnitudes. If we take m as
deternined by the sequence in the manner Just desciibed, then any procedure
for smoothing imust be such that if applied to a polynomial of degree m it

will leave its values unchanged.

3¢ Smoothing Methods

The use of a smoothing formula is only one of the possible methods
of smoothing. By a smoothing formla is here meant a formula by which the
adjusted vd.ue of any entry 1s obtained as an explicit funetion of the crude
values of a limited number of entries in the neighhorhood of the one in
quastion. The use of such a formula may be contrasted with curve fitting in
that the latter makes use of all the entries in a seduence, in adjusting any
one, whereas a smoothing formmila uses only those in a certain neighborhood.
In curve fitting also a form of function must be selected in advance which
has one or more parameters to be determined to produce the best fit to the
given sequence. In smoothing by formula no such selection 1s necessary.
Smoothing by formula may also ‘be contrasted wilth smoothing by eye? in that
the whole operation is summed up in one substitution in a formula for each
" entry, rather than consisting of successive operationa each dependent on
the results of the preceding ones.




L« Characters of the Formulas

Every smoothing formula considered will have the form of a linear
homogeneous function of the values of the neighboring entries. These entrles
will be confined to those whose arguments differ from that of the entry to be
adjusted by not more than a certain number n, which will "be called the spre read
of the formula. Except for entries within n steps of the beginning or en
of the sequence, the formula will then involve 2n+l entries, the one to be
smoothed and n entries on each side of it. With the exception noted, the
entries other than the one to be smoothed occur in pairs, the two members of
a pair having arguments equidistant from that of the entry to be amoothed.

In all such symmetric cases the formulas will also be symmetrie, that is
they will have equal coefficients for the two entries of any such pair.

If, however, the entry to be smoothed is within n steps of the beginning or
end the formula can not be symmetric as a whole, and the symmetry of the
coefficients does not apply. This case will for the present be excluded
from consideration. A method for dealing with entries near the beginning or
end of a sequence will be discussed in paragraph 18, - In addition*tpithe
spread n we shall use another parameter'm, called the:order, and defined as
follows, If a smoothing formula is applied to a sequence all of whose entries
are equal, 1t-1s clear that the formula should reproduce these equal values.,.
If a smoothing: formula, when applied to:the successive values of & polynemial
of degree m, reproduces those values,; but fails to reproduce the values of a
polynomial of hlgher order, then the formila will be said to:be of order m.

5. Principal Objects

The objects of this paper are to obtain for various given values of

n and m those coefficients which shall make the formuwla in each case, a practical
optimum, and to formulate a criterion for selecting a suitable value of m
for the smoothing of any particular sequence. A criterion for'n is much more
difficult to obtain, since the value of n determines the amount of smoothing,
and this may depend on whether a certain peculiarity in-the crude values is
regarded as merely an irregularity to be smoothed out or a genuine indication
of a characteristic of the function. As regards the first problem it is nec=
essary to specify what the criteria are for an optimmm. In general it is
desirable that the residuals shall remain small. This is the criterion of
fidelity. It is even more desirable that in any neighborhood not too-small

ey slall have a random distribution with a mean approximataly equal to
zero, This is a criterion for avsidanos-oi biass Ubviously one important
eriterion of merib in & smoothing formula 1s the attaining of smoothness.
More concretely this is the diminution of the numerical magnitudes of the
tabular differences of some order., The amount of this diminutien may be called
the criterion of power., For selections of coefficlents which are of substan
tially equal merit from the foregoing points of view, there may be differencas
in the ease of evaluation. This may be spoken of as the-grii-ricn o conven-
ience. Of these four desiderata we payw regard the “avoldence. of blas as the
most important. ISlesriy a glaring fault in a smoothing formula would be that
iu should make 2 systematic. shift in one ‘direction of any considerable number
of consecutive entries. It may be shown that the avoidance of thls evil
depends entirely on the selection of m. -Fidelity and power are somewhat in
conflict, For a given value of m, an increase in n will increase power
but is likely to decrease fidelity. In fact for a given value of m we may
proceed to one extreme by taking n = 0, This gives maximum fidelity since
there 1s no smoothing and hence every residual is zero. On the other hand we
may procsed to the other extreme by taking n large enough to include all the




entrics in the sequence. The coefllicients could then be chosen so as to . replace
all the entries hy the values of a single »olynomial. This would give perfect
smoothness, and hencz maxirum power, but micht produce large residuals and
hcnee poor fidelity. TFor given valuss of 'm and n the orincipal problem is

to select the cocfficients to obtazin meximum power. Selecticn on this basis
does not appear to militate against fidelity. In peneral the criterion of
convenicnce should cone lost, It may appear as a small modification of
coefficients vwhich have been deterrined a5 optirmm from some form of the
criteria that have been mentioned.,

6. Conditions on the Coeff ricients to Secure a Specified Order

From the preceding ve see that a smoothing formula of spread n may
be written in the form

Ui o

‘FM" |

J i+J" ‘(1)

_ﬂhere.ui is the original value of an entry and ﬁi is the smonthed-value. If

we require the formula to be of order m this imposes certain conditions on
the coefficients ¢,. The definition of m requires that U, = u, when the values
of u, are thoge ofda polynomial of degree me Let this po omial be

k
v, > ad" .
1+ k=o.ak
Then Ny = A, and -
oy = adeu - |
U, = c ajt=u, =a | (2)
i o J oo kY. i o] ‘ .
' Ay o k :
In this sum the coefficient of a is f;- cjj . 'Since in (2) ‘the . coefficient
J——n
of a is 1 and that of every other 2y is Zero we have as the conditions for the
order m that n : . B
' Z C:j s ] ) ! ' (3)
R |
and |
‘n : . .
S cyg=0 ()
J=-n S

vhen 0<k<m, This makes m+l conditions -imposed .upon 2n+l coefficients since
we are excluding entries within n steps of the beginning or end. Hence if
m>»2n there is no solution. If me2n there is one solntion which is readily
seen to be conl, ¢j=0 vhen jg0. This gives U’ieui regardless of what values

u, has, and hénce provides no smoothing. Therefore to obtain an actual smoothing
formila we must have 2npm. We have noted that the coefficients are made
symmetrical, that is C4=C_je This results in (L) being satisfied automatically

for every odd value of k. Thus formuilas are always of odd order, at least as
far as this specific condition is concerned. Ve shall subsequently derive
further conditions which will distinguish between second and third order,



between fourth and fifth, etce Tt should be understood, of course, ‘that
the coefficients in the formula do not vary with the argument of the ent
being smoothed. Thus oy does not vary with i. The conditions (3) and (N

imposed on the coefficients, cince they are linear relations, may bl solved
if‘de51red for certain of the coefficients and the results substituted for
these' explicitly, leaving a smaller number of independent unknown coefficients
to be determined by.the application of other conditions.

7. Polynomial of Best Fit

We shall now discuss a method commonly used to complete the determin=-
ation of the coefficients, and the reasons for not using this method., The
method consists in finding coefficients which will give a smoothed value of
the central entry considered which iz equal to the value =2t this central point
of that polynomial of degree m which is the best fit feor the 2n+l entries
used, In speaking of the best fit we may understand.this in either one of
tvo ways. .The usual way is to regard .all 2n+l entries as of equal weight, .
This involves the logical contradiction that in determining the smoothed
value of an entry we restrict our attention to thése 2n+l entries, presumably
because they .are nearer than the others which we ignore, and yet we maké no
distinction among those we use, in spite of the fact that some are much-
nearer than others. On the other hand we may avoid this contradiction by
giving the 2n+l entries unequal weights, the greatest weight being assigned
to the entry being smoothed, and the weights decreasing from this to rela=
tively small weights assigned to the outermost entries. In this case it A
remains to determine the exact assignment of weights. For example the binomial
coefficients might be regarded as a plausible selection, or some set of weights
based on the probability function. There ars other more desirable selections
than these; but we shall prefer here to proceed upon a principle more explicitly.
related to what may be plausibly regarded as the main advantage of unequal
veights. The error in the crude value -of any one entry makes a contribution
to the smoothed value of each of the 2n+l entries which contain it. If the
weights in the formula are equal, this contributien suddenly Jjumps from zero
to a certain value, remains fixed at this value for 2n+l entries, and then
suddenly disanpears, %ith unequal weights its contribution is first small,
then rises gradually to a maximum and gradually decreases. Thus each error
contributes in a relatively smooth mamner to the final result, and we do'not’
depend nearly so much for the final smoothness upon the errors balancing
each other locally. Since, in addition to its loglcal superiority, a merit
of unequal weights consists in attaining greater smoothness than that given -
by equal weights, it seems preferable to seeck this greater smoothness more
“directly and explicitly.’ This will be done in the following; but a digression
will be made hers to discuss the 31gnificance of order. p

B Characteristlcs of the Order of a Smoothlng Formula .

"If the graph of the smoothed function (assumed to give: approximately
the true values) is a curve, then the effect of smoothlng by a formula of order .
one is in general that of fitting a straight line to a group“of 2n+l points
distributed along the curve or near it, and taking the value at the ¢entral
point on this line for the smoothed value. If the curve has no inflection
point in the interval considered, this procedure has the effect of bringing
the smoothed point to the concave side of the curve. The stralght line, being
chosen to give small residuals for all the 2n+l points used (by minimizing




the sun of their squares), iz likely to give residuals systematically of one
gign near the middle of the intekval, and of the other sign near the ends,
these fresidusls! referring of course merely to the determination of the
particular stralght line and not to the smoothing as a whole., The general
effect 1s to put all the smoothed points on the concave side of the true
curve, and thus introduce 2 systematic blas over any interwval in which the
curve continues concabe one way. If we use a formula of order two, we are
attempting to fit a parabola to the pointse. This wiil avoid the obvious.

type of blas just mentioned, but may leave a bilas not so easily obvious,

that is some tendency for the residuals to remain entirely or predominantly
of one sign over some considerable intervel. This is an indication that the
order used is still too small. We have indicated in Paragraph 2 a method
for determining m so as to eliminate blas. If this value of m is used,

m+l conditions ere lmposed on the coefficients. The remalning coefficients
may then be determined with a view to obtaining maximum smoothness. Since-
the order m+l is the lowest for which the magnitudes of the differences .
are due mainly to the roughness rather than to the true values, the remaining
degrecs of freedom are used in an endeavor to diminish the mapnitudes of the
differences of order m+l. . The method for this will now be discussed.

9, TFurther Conditions on the Coefficients

¥e. shall now assume that the order of the formula used is sufficient
to avoid appreeciable bias, This means that the true vdlues of the function’
can be repregsented with sufficient acecuracy by a polynomial of degree m-in the
interval extending n steps on each side of the value in question. Now it is.
a property of a polynomial of degree m that the differences of order m+l of
its valucs at equal intervals shall be zero, - Let us write

uy = tl * el

whereﬁti denotes, the. true value of the function and e, the error. Then with -

sgufficient accuracy we -shall have

~(m+1)
i

Let us express differences of all orders in terms of the values of the original
functlon by means of the appropriate coefficients, as in Paragraph.2, Then

(m_l) U ?—1 ™1y

"0-00

m+1
= ¢
2 | i%;al J 18 =l+J
m+1 m+1 n n
EE b
k=° S o4ty k+J * :E: Jn-n ﬁj 4kt
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The firat of thess sums'is

| ™A é:* nul | (m+1
Ebk. jf—ncjtik-rj & P1eters jz A )t

v¥hich 15 'aqual to zero to the approximation that we have used. consaquently
-'We have approximately

(m+1) n

k prym Y cj _ei“k‘FJo |

This is the expression which we desire to minimize in general for any particular
values of m-and n in order to achleve an optimum set of values of the coefficients
cJ. It is a linear homogeneous form in the rendom variables ei_k+d,_and hence

will in general be a minimum if the sum of the squares of the coefficients of
these variables is minimized.. Now a particular variable €y p has the coefficient

m+l
For the optimum selection of coefficients Cleup? the sum of the squares of this

expression mist be minimized for all relevant velues of r. Since rek=-j the
extreme values of r will be -n and n+m+le Ve shall thus obtain in general the
smallest values of (m+1) : C

U and hence the optimum coeffiéienté cj.if'wa
i ' :

require that
n+m+1 m+l ml 2 L
pd :%ér b, Clomp = 2 minimm (5)~'

subject to the requirements (3) and (L) of paragraph 6 for-maldng the formla
one of order m. In equation (5) the swwmation indicated will give certeain :
values of k-r outside the limits =n and n. For these there will be no values
of the coefficient Chp® This will present no diffiﬁulty if we merely define
the coefficients c j as being zero vhenever j“»n°, and determine non zero

values for tho others, 1In this condition for a minirum the coefficients
bE+1 are known, whereas the coefficients ¢,y 2re unknowns to be determined
subject only to the conditions already imposed. These latter may be used to
eliminate one or more of the unknowns and the indicated sum minimized as a
function of all those that are left, It is, however, much more convenient and
systematlc not to perform these eliminations, but to set up eriteria for satisfy-
ing all the conditions. It may be noted that no explicit ‘criterion of fldelity

10



is introduced, It can be seen, howsver, that the procedure indicated tends to
insure a measure of fidelity for the following reason. If m is chosen so as
to elimlnate bias, the smoothed values in any interval not too small will be
bracketed by the crude values. This tends to make them lie as near to the
crude values as is consistent with smoothness., :

10, Formulation of the Conditions

The problem just formulated is that of minimizing a certain function,
as given in (5?; subject to the fulfilment of ecertain conditions namely those
given in (3) and (L). This problem is a special case of a general one formu-
lated as follows. It is required to minimize the function ?(x'.l.’ Xpy === X )
subJect to the s condit:l.ons given by the equations

F, (zl,--x)ao 1w, 2, —-8

where s<r. It is a well known theorem (¢f. Goursat, Cours d!AnaJ.yse §é1.)
and eagy to prove that a necessary condition for this is the vanishing of all
the (3+l) row determinants in the matrix

2F, 2F M
?F %, T T T T T 9%
2%, o
°x ~ T

?FS o S S ' st
Ix] L
2¢ . _ _ _ _ 2
cE ’ﬂ%

.For the cases considered here this condition may be replaced by the vanishing
of those determinants whose columns are consecutive. For the partlicular problem
the arguments Xys wee X, become C_p? % Cpe The partial derlvatives are

°F a1, 2May, IM3a4f Fo4my

The function f’ is that given in (5) namely
(C n’ *** 34 ) m+ mel 2
bk Okr
. fon =0 . v

From the symmetry assumed for the coefficients C.n
by Cpak® The bracket then becomes & tabular difference of order m+l of the

2 000 Cpy O, may be replaced

-




sequence of coefficients d-n’ cees Co and we may write

+m+l 7 A +1)\ 2
f(c_n’ see cn)'-‘ﬁ (A m' )

r
s

vhere Az'-) A:,-— denote tabular differences of the coefficients C_ps === Cp»
The last row in the matrix congists of the successive values of
n+m+l +]
53%_ - Z 2 Q; bEﬂ' chk'b:',:} .
i r==-n =0 T

This may be written with the more restricted range of summation

1+m+l Mt
ml , omel
—-g-a =2 Z ' ; by , brei Crek?
since outside this ra.nge blrg_' = 0o, To order'this according to the values of

Cpy? 10t & @« r=k. Then we have'

-2 b L
'Sc Swl=mel, g ’ Bi*k

A well knowm theorem on binomid) coefficienta states that

J P p+J
é cl~: Cq+k'cq+3’

and it is easy to see that a similar theorem except for a sign applies to the
coefficients b that are used here, It follows then that

1+me+l

2 - 2 (_1)m+1 b2m+2 ¢ = 2(-1) m+).
5 Ci ' K

ST, s=-1+m+) 8

(2m+2)

The necessary condition for the required minimum therefore is the vanishing
of all the (m+2) row determinants of the matrix

‘ (2m+2)
1 - -n)- - . (=

n (-n)? : (<n)™ A-n+m+1
- 2 n (2m+2)

1l -n+l «n+1)< - . (=n+l
- - i f, n+__) - ___( n'_'._ ) ' A-'n+m+2
1 n ne .. ;]m . (2m+2)
n+m+,

22




vhere the rows and colu.mﬁs have been Interchanged merely for convenience
of writinge Or vwe may write

o2 . AT (2r+2)
1 1-2m-2 (1=2me2)” o - - (ie2m=2) = 0
Ai-m—l
1 4-2in-l (1-2m=1)- - - = (1=2me1)™ A (2m+2)
i=m
1 - iemdl (1-n-1)? - . . (femed)™® (2me2)
: i

with 1 = «n+2m+2, ~n+2mi3,;=~e-y; nem+l. To evaluate this wo may renlace
the elements of the last row by that lihear combination of thls row and
the preceding rows which will give in each columm the differesnce of

order m#l in'that colum regarded as a sequence, then replace the elements
in the next to the last réw similarly by the differences of order m, and
so on. This will give (3m+3)

Ai as the last element in the last row,

a numerical constant in each of the remaining elements in the principal
diagonal and a gero in each element below this disgonal. The necessary
condition fer a minimum 'l:,hen finally becomes (3m+3) '

Ai = O for

im=n+2m+2 y==== n+m+l, where the differences are those of the coefficients
¢y regarded as a tabular sequence, with the understanding that ¢ 1" 0 if
127 n2, and that ¢, = ¢_;« One very significant feature of this result

consists in the range of values of 1 where it is applicable. The coefficient
¢, 1s zero by definition if.
i . ! 127 n2, but the vanishing of A(3m+3 )

i

occurs for at least one’difi‘erence at each end of the sequence that
involves one of these zoro coefficients, in fact for a number of them
at each end equal to m+l, This fact is basig in the technique of
determining the numerical values of the coefficients.
11, Case Where m = O, :
"

For this case A'i = 0 when -n+2. £ 1 & n+l. This implies
that ¢, may be expressed as a quadratic in i, which from the symmetry
of the coefficients may be written ‘

2
cy = _a.li +a
vhen =n-1< i< n+l, From the vanishing of c 41 WO get at once

& (n+1)2 +a =0 or
¢y = ay [ 3% - (n+1)2] .

13



Thus the coaff1c1ents are ‘determined except for the constant factor al.

This may be determined by (3) namely the condition that the sum of the
coefficients 1s equal to unity. In this and all similar cases it 1is
sometimes practical to take the constant factor, here al, entirely at

convenience, and to divide the results so obtained by the sum of,all
the coefficients. In this case we take a = =1 and vrite

2
cy = (n+1)

with the understanding that the results of using the formula thus produced
are always to be divided by the sum of the coefficientss Thus for n = ]
we have

U, - (3u;1'+ huo +3u1) + 10

Forn = 2, ' _
U, = (5u_2 + Bu_1 + S +:8u1 + 5u2) + 35
Using merely detached coefficients we may write for n = 3

(7+12+15+216+25+ 12 +7) 8}
Forn = ) |

(9+16+ 20+ 24 +25 + 24 + 21 + 16 + 9) » 165
Forn = 5

(11 + 20 + 27 + 32 + 35 + 36 + 35 + 32 + 27 + 20 + 11) + 286
and so on for any n.

12, Use of the Binomial Coefficients

Before proceeding to larger values of m, we may observe that
from the analogy of the proceding we may expect to have to perform six
sumnations or finite integrations for m » 1, nine for m » 2 and so on.
Now altho we proceeded without difficultyim the simple case vhere m = 0O
by expressing c; as a polynomial in i, we shall find that finite differw

ences and more particularly finite summations are handled much more
easily 1if cs and its successive differences are expressed as a sum of

multiples of binomial coefficients instead of a sum of multiples of
powers, i.e. if we deal with terms containing 4 i
’ GJ>rather than 1Y, We

shall use a definition slightly more general than the binomial coefficient
proper, namely

L 4(1-1)meem(iojal)
EJ Py g f\j forvy (6)

vhere j is a positive intepger but i may be any integer. Further let

Ci = 1 for any 1 and cj « 0 if J<O0 for any i. From (6) we have

ci

q" 0if 0si<].

- 14



Also

¢l = (-1)d c3-171 «n
J J
From the definition we may readily derive
i+l i i
’ »
If we call this FaN 03:%, we c¢an also write
k . .
1. ksl
2 C;=C (9)
57 m

It 1s clear that (8) and (9) are vastly easier to use than the correaponding
formulas for differences and sums of powers, particularly the latter which
involve Bernoulli numbers or their equivalent. In any case, at each
successive step of integration an unknown additive constant must be intro-
duceds In half the cases this may be readily found as follows. From

the symmetry of the coefficients, C_y = Cye Hence

F t
TAYEL C.g “C.yul "€ = C4n ° Nia

Likewise
A:l-'i = AL?: A“L:L o= A;:B and in generai
A - @ AY), | (10)

This combined with (7) gives an equation involving ,the constant of inte-
gration. In half the cases thls determines its value, In the other
half it is merely an identity, and the constant must be found otherwise.

There 1s one feature of the binomial coefficlents which is not
S0 simple as that for pbwers. If the smoothlng coefficients cy are axe
pressed as a polynomial, their symmetry which makes c; = o_; is provided

by mer¢ly omitting the odd powers. With binomlal coefficlents we may
proceed as follows. The essential feature is that the symmetry reduces

the number of parameters to determine, This may be accomplished by
joining two pinomial coefficients in a flxed pattermn., let a difference
in cy of any order be

(), , altp  glvp
or a sum of multiples of such quantities. Then

(3) 3-1 ~1
A;j-i = a ('.‘-q P, Gg_lﬂ)
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By (7) this becomes

(3) y
A" (-1)ac IR _ ¢ dopra

e (21)3] ¢clmi-pra=2 | o1-3-p+q-2, - :}-p+q-2:)
(-1)?a(c -1 )= Cq__:L

w (-1)3f,pl=d-P*1-2 _1) gi=J-p*3-2
(-11%ac; . (a 1 e i

But by (10)
(3) 5N e e
/N =D AN\ = () (actPe o)
3=1 i 4
) .
These two expressions for A will be equal if a = 2 and 2p = g-3=2,
J=1
(3 ) :
The terms which make up A will then have the form
i
i+p i+p
2C + G th 2p = q-j-2
q q-1 with 2p = g~
vi ‘
13, Case Where m = 1, We start here with A = 0 when ~n+j €1<$n+2,
i :

v
From this /\ 1is a constant; but the constant is zero by (10), so that

i .
Av = 0 when -n+3< 1< n+2, Thus the highest order non-vanishing difference

iiv

is A ¢« OSince this is a constant, writing it in the form just derived requires
i :

that q = O, Hence p .= =3 and
' iv

A

- 2a2 i3 when -n+2 1% n+2
N 0

Then in succession

"
Ai =2 (201'2 :-2) when = n+l < 15 n+2

A“ = a, (20 "l) + 2a1 C:L -2 when -n <i$n+2
i
A' - a, (20 + Gi) + 31(201-1 i’?“') when -nel<i$n+2

i
i+1 1+1
ci a (20 3

1), General Procedure., We shall now seek a procedure applicable to
any value of m, The general expression for any order of difference of the

i-1

) + ay (202 + Gi) +2a €~ when -n=2 T1Sn+2




coefficients c- esse g 13
-n n

(9) 1ek-3=1 , 5oitk=3=1
Ai i % " (Czkejj-lr' 209y 1 (11)

holding when ~n+j-m-1< 1< n+#m+l. The summation extends from*k = O to an
upper limit depending on m, the limit being given by the relation 2kg3m+2
This may be seen by noting that the highest order difference which'may be
different from zerc is j = 3m+2, The second term in the parenthesis in
{11} then has the lower index 2k-3m-2 and this must be zero to make this
term a constant, Of course terms with smaller values of k are introduced
by the successive integrations. '

Putting } = O gives

14k-1 +k-1
6y = 4 o (G # 2&21: ) (12)

holding when =n-m-1=41<n + m+ 1, Summing once more with respect to
i gives '

o ¥ 3 (C;;:k * 20;+11§+1)' (13)
The meaning .of ay is the sum of the'goefficients beginning at some fixed
point in the sequence and ending with Cye To determine the fixed point
we may observe-that‘cb - 2ao but g, = 8, Hence the sum begins with half

of the middle coefficient. This makes the sum of all the coefficients
equal to Zano ‘

15. Determination of the Additive Congtants., In order to evaluate
the expregsion for cy it remalns to determine the values of LY the

number of these depending on m. When m = O, there are only the two, a,
and 2, and two conditions are needed to determine them, For larger

values of m there are more constants and corréespondingly more conditions,
For all values of m we have the condition ch-l. The expression for éi

holds up to 1 = n#m+l, but ¢, = 0 if 1 > n, Hence we have the conditions

€ ™ o, C 4o ™ 0, oo cn+m+1 = 0, Further conditions arising from equation

(L) remain to be formulated, but enter: for the first time only when m=2,

In the following no upper limit wlll be indicated for k in the sums used, so
that the equations written may be used for any value of m by extending the
values of 'k suitably. On the other hand elimination will occur of certain
terms with small values of k, or these terms may be written separately, and
the notation Z, _}: , }?__ will be used for sums in which, 0, 1, 2, ...

0 1 2 , ;
respectively is the smallest value of ki In all such sums also the letter
a with u§ subscript will be used for a,» Although the two-term expression

for Zﬁﬁj is well adapted for the summation processz, it will usually be
i

- 17



convenient for algebralc purposes to make use of the transformation

P 4ocP_ w 2R P

qQ q¥l = g+l q °* . (1b)

Of course this 1s not applicable when q = -1. We have then

.23 *71% ;*1'(':1 (15)
oy = (21 +1). Zo a C;:ck (16)

For the actual evaluation of the coefficlents ey the following 1s
perhaps the most convenlent form.

| 2 12 2oy [, 4l
ci-2a°+1[él+m 321--;?5— a+ 9{1‘4‘0-..}

For particular values of i this becomes

°1 - cl - 2ao+ a

Og = ¢y =28 % La +a

€y =05 =28 +Fa) + 6a, + a

ch =d, = 2a + 16a1+ 20a, + 8a3+ 8

cs - d_s - 230 + 25a1 + '50a2 + 35a, + 10ah + ag

Gg =0 ¢~ 28 4 36&14- 105'& + 1129.3 + Shah-i- 12a5+ ag

oy = 6, =23+ h9a + 196a + 29l|a3+ 210ah+ 77a5+ lha + 8,

¢g = c_gm 2a°+ 6|4a.L + 316& + 672 8, + 660ah+ 3523.5 + 10ha6+ 16a7

Cg™Cg " 2a_+. 81a1+ ShOa + 1386a3 + 1782ah+ 1287a5+ 5h6a + 135a *
o * %.g28, * 100a, + sta + 26h0a3 + L2908 + l;oolu.n5 +. 2275 ag * t300at7 +
€1 -16;11-2 B+ 121 al + 1210a + 479 ay + 938 8+ 1101135 + 8008 36 + 3740 a, +
8)p = O_15°28 + 1hha .. 1716a + 8008 a3 + 193053h + 27h56a5‘ + 24752 ag+ 1h688a *

with the understanding that the formulas stop with a, when m = 0, with a, when
mel, with a, whenm = 2, with a, when m = 3, with& when m = 4, etc, "It

remains to determine the values of ag,a1,eee for wirious values of m and n.

16, Details for Various Values of m, For any value of m we have the two
equations 2on-1 and ¢ ., = 0. F_‘rmn these we may write

18



n(r+1) n+k

poagmil L > sy K ea s DI
o TmY " IZwel) T L Tk+1 2k M > M O 55 R P
c 2a
n+k
= '_1"°" a,_(n+1)+§-1; Coxa1 3
. nB-6P_, .2 a azn(n+1)(n+2) R a(k-1) cn+k
1 'E‘nT+ (5"'; INZn+s) © 2243.5 K2k +1) "2k-1"
i (n+1)P1-?. P - 1 _ a.l(ni-l) . azn(n+1)(n+2) nﬂc
QT T T EwNEes) m T3 7335 37+ T C2%1°
When m = 0, k <2, and hence ‘
a, = | 3(n+l) , a0 -3
2(2n+1)(2n+3 (n+1)(2n+1)(2n+3)
When m > 0, we have the additional condition
Caep © 0, or
: - 2a
o Cn+2 - o n+k+l
P i L) *% E %2 k-1
I | SO ey
Q3 - 2n+ 3 (ml”m?, k—)2k4
i (n+2)P,=(n+1)Py f o s 2(n+1)(n+2) . Z a__ ok
Q, ThT 3 3 753 3 Tkl 2k-2

Before proceeding further it is convenient to introduce a notatien for certain
types of products,

Let (x,y) = X(x*‘l)(x*?)...(x*'y-l),
r(x,y) = x(x+2)}(x+h),.e(x+2y=2)
Thus q(x,y)'and r(i,Y) each denote a produot of y factors of whiech the first

1s x, the successive factors increasing by 1 in the case of g, and by 2 in ...
the case of r, With thils notation we continue.

i nQ-5Q1 3.5 22!0 q(n, a k-22 n+k
RI‘ 2n+§ rl2n+1 } q(n+1,2j

O2x-2
R, = 295% . 5 - h, 3“(“’“) a(k-2) n+k
2 w3 Paea ST Fok-1,9) C2 k-2
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(n+2)Q,=Q, (n*1)Q,-3Q a_q(n+l, 2) a,q(n,l)
R. = 3 1 - h 2 = 3 = —2_ 3 +
3 2n+ 5 2n + 5 r{on+1,3) 2,345 2‘.3'5.7

Z a(k-1 otk
L r{2k-1, 2 21{—2

When m = 1, k <3, and hence

3.5q(n+1,2) L _-3.5 2 32,5
8, = SFLA, 8 " F{Pn+1,3)? 3 ° q(ar

2°r(2n+1,3) s fn"

When m > 1, we have two additional conditions,

e"n+3 = 0 and o' = E -12.%1 w 0, The former gives us, in the same manner
i=1 ‘

as before,

P

¢ -——2a Z
e N3 _a._0O 2 ~n+k+2
Py F% 0=5m *ay(ned) + 5 & Cok1

In order to utilize the summation properties of the binomial coefficients
~we make the following. transfefmation in evaluating o!

: 12 ; Za(?i'? i+k-1 . 12 J1+k-l Yo

& " ” Co k-1
Now 2 1k-1_ 1+k-1 dkl 2 1+kal
4 Cﬁk ‘(1+k)(1n-k-—1)c + (1+ k)C + k CZR
- (2k+2)2k+1) oK+ (2101) OIE + ozt
Likewise |
1267w 2u(2 w)op e + Koot
Henece s
1%, = }; a [N (2101 )05k + 2(k+1)@zk+1}c;;? 5 m’éc*““‘l ekl
- g [2(k+1)(2k+1)(2C;';l:2 ;;'f,l) s 1B(2c L o c;_;‘filg
and

n+k+l | n+k+1 n+k n+k
g [z(k+1)(2k+1)(2c neleed , onekely o w(aolek e oY )]

20



" §_a 2(141) (2k41) (2041) cmekel, k(2n+1) cn+k
: A L 2k+3 ; 2k+2_a1- +

o ; )
- (n+k+1) (n-k) k n+k
(2n+1) Z a 2ke3  * Tk+T| C2k

- -, n(n+l)(2k+1)=k n+k _
(2a42) Za (21)(2k+3) C2k - O°

c" an(n+l)-) | 1 k

b,
t - _.. _S_ 8 Jom— o
P " nn*l)(2n¥1) - =0 il T 3.5 3 a[2k+3 qin,2)r{2k+1,2

Q@ = (2Pa(ned)Pp | o T2%  c2pa(mi2,2) a(k-l) on+kel
5 " it q(n+2,9 22,3 K(2k-1) Cox~2

(n+3)P -(n+2)P Q(n"'z 2) +k+1
U ~ —7n5 '°"1 '—2__' Ziﬁi‘-icgk-z

(0+1)Qu- (n+3)Q, 3, q(n+1 3)
_ 5 3 e0m. 28 a(k-2) .n+k
By, n+2 0} a(n+1,3) * Zk 2k=1 k-3

(n41)Q,~ (n43)Q -2a; a q(n+1 3) Z
- 6 P | a(k-2 otk
Rem—wsz —— "0"%% * .3_5 '(_k-ll)%'Z_—)'k-l 2k-3

(n+3)Qu-(n+1)Q ' 8, i q(n+l,3) -
5 3 s o a0 e 2(n+2)d 8210%,5) & +k
Re neZ % =Y =0 "T‘)"‘n M 75 - *%TI‘ C2xe

| 3
nR, =1LR ~2°.3a, a q(n 5) Z
L1 =2.3.5.7 ’ aq(k-3,2) .n+k
5) 7 TEReT - T F(znel,l) s T'T—2 Ay z ety k1,27 C2k-3
nRs-lhRZ . _2.5.7 N 22 81 ahQ(n,S) E a (k-3 2) . _cn,.,k

2 =TT " TG, " 3e2) RPN Re1)r(2k-1,3) C2ke3'

nR,~1lR -2,(n+2) a, q(n,5)
' 6 07 2 '-l. : l(k"B) n"'k
54 = _7_12n+ Tr 2"n+ 1,57 " 3.5 * I oy 7 TUok-1, 27 Cox-3

s (n+3 )R _2R1 (n+at5-6R2 _ <h+ﬂ')R6-lOR3
L © T on+T ~ o+t n+ 7
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Q, =

Qa'

Ry

g =

‘56

235 a3q(n+1,3) , ahq(n,S) Z; alc=2) .. vk
r

r_(2n+lTJ P?edebeT ;2.33.5'7 121( 1,25 2k-3
Sa(ne2)Ple(3n"430-1)P, (3 2,0 ). 2,a(n-1,L)
T (2n-1){2n+3) ® “Zr(2n-1,3) ‘3“ T———a .

a(k«l) n+k
m

n(n"'l)(BP"'Po) _n(n+1) Ej.Q(I'l,z) : agq(n'lyh) ak "’k

Zho1)(2n+3) Fr(on-1,3) = 2.3.5 ' 22_3.5.7 2k+1,2)

V(n-l)Q 14 Q o 2 ha 32q{n-125)
- 1 7=5(3n"+bn-B= "% +°3 » a q{k~2,2) .n+k
Zn+ 5 oL, N 2h oo Hr %i1,2) C2k-l

5 -

gphl)czz-thB i 5n2+10 n-1 ) ﬁ(ml) 3q(n'1 5) alk~2) on+k
2n 5 r(Zn-l,L) 3.5 3 5.7 hE12k+l 2} 2k'1
(n+1) Q-6Q, _ nqe-lo(nzm)qa 3n(ne2) 2q(|r1,3) a,a{n=1,5) Z a(k-l)
(2n+5]) 2n+ 5 r(2n-1,1) ~ Za3:547 9 3 .5
. cn+k
- 2k=1
(n-1)R1-9R 3.5, T(n +3n-1) . =lia ahq(n 1 6{__ .
2_n+_7 r(2n-l 5) (Q(n"'l 2) .3 .5.7.11"

ag(k=3,3) Cn+k
PR ZRogY Cok
S .

(n—l)ﬂz-s'Rﬁ (q +15 .g) hQ(n"'l 6) B (k"' 2_) n+k
T r( gn—l 1 ? '575 * fr'fi'z'k’ﬁf ," 37 Cok-2

.5?11

(n-l)R3-9H 3(7n +21 rE-l) -azq(n+1,2) ahq(n-l,é)

J

7"

2n+T r(2n—1,5’] edele h 3.5 7.11

ar(k-3,2 cm-k
—(—'_f}r 2k=1,3) ~2k=2
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(n+2) -3R7 (n+1)R -5R nR_ 7R
TThe T 2n+7" 2. ,213;+7_2

- a.q(n,h a, q(n=1,6)
r3 panin) ‘3—3’— ki =7 (k2.2 ook,
P50 BaPsaa -1, -

(n-1)s,-225, Z
- 1 E |3 .5 7(31‘! + 12!1-’4) a (k"‘h 3 n'.'k
T 3% 9 +(2no1,8) Eq(""‘"'z)'zk-l, 2k~3

. (n-1)s '2236 2.3 .7(5n +20n=3) _ E g!k-hl,:*.) otk
2 2n+ 9 r{2n-1, n+2 -1 )1 2k-1, "km_’}

(n=1)s5,-225

3 2a, (n+2)
- 3 7. 23 (Tn + 2Bn -2) . § aq(k-h,2) cn+k
T3 2n+ 9 riZn- ri%k-I 3) ?k-

© (n=1)5,-225 ~a,q(n+1;3) Z:
- I 8 2.3, 5(9n +36n-1) _ ’ ar{k-h,2) .n+k
Ty, Tnt 0 T+ (2n-1.8) P ‘rérr"rr 35 Cok-3

T (n+3)'51-6 Ss (n+2) 82-1056 (n+1) 53-111 57 nSh—IB SB

S 2n+9 B n+ 9 K 2n+ 9 _ - n+ 9

o 2.3.C.n(n+h) _ hQ(n'S) 2 a.?!k-jﬁ? n+k
r{2n-1,6) 22,”33.5.7.11 ) g T 2k=1,3 'c2k-3

"When m = 2, k<5, and hence
a = .5.7(3n + 12n-h)q(n+1,3)
° o 2! r(2n-1,6)

«3°.5.7(5n" + 20n=3)(n+2
b _Q_E)_H_er n-1,
- 3[1.5.7(7:[2 + 281’1"‘2
8 n+2)r(2n-1,

_ =22.3%,5%7(9n% + 36n-1)
3 q(n+1,3)r(2n-1,0)
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-3 OS ? 1111(“"”4)
ln,gj I2n-1 6)

By exactly similar methods one may obtain the results for m = 3 and
m = L, The algsbraic details are rather tedious and will be omitted here.
The results are as follows. For m = 3,

< 257119041, 1)(3n° + 15n-9)
ZEr(2n-1,7)

a
0

-3 .5 7. 11q(n+2 2)(Sn + 2Sn-4)
r(2n-1 7)

4 = 37.5.7.11(7n° +35n3)
2 r(2n-1,7)

a. = _2.3h55207|11(9n2+ hSn-?)
3 q{n+2,2)r{2n-1,7)

8 = 23.3% 627211 (1118 + g¥n1)
q(n+1,L)r{2n-1,7}

ok .3 .S .11.13

ag = g(n+l, 1)r(2n~1,7)
Form = h,'

a = 3215.11.13q(n+1,5)(15nh+180n3+365n2-1050n+252)'
° 2%r(2n-3,10)

a = -3 05e7411.13 q(n+2 3\(35n +1,20n° +931n -197hn+180)
1 2°r(2n=3,10)

o 30.5.7,11.13(n+3) (20n™s2520> 45790710620 10)

2 23r(2n-3,10)

a = -Bh.53.7.11.13(99nh+1188n3+2783n2.&5686n+721

3 22(n+3)r(2n-3,10)
2.3%.53.72.11.13(103n"+1 7260 +1,069n° 6L 7Lin+36)

‘ o

} q(n+2,3)r{2n-3,10)

- “22138053‘72-11.13(65nh+780n3+1865n2-2850n+h)
25 a(n+1,5)r(2n-3,10)

_ 28.37.53,72,192 13,17(15n%+90n-107)
g q(n+L,5)r(2n=-3,10)
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b . q(n+1,§rr—-7-r 2n-3,10) "

17. Tabulation of Coefficients. The values jJust given and those
previously obtained, when substituted in (15) or in the enumerateg special
cases which follow (16) give the numerical values of ¢, for 12 < n¢, n €12,

and m €h. They furnish smoothing formulas of degree up to the fourth and
spread up to 25 entries (n = 12). They are tabulated in two forms, Tables

1 to 5§ labeled ag "Data Multipliers (Exact Values) and Tables 6 = 10 labeled
"Nata Multipliers (Decimal Approximations)". Since these last are approxi=
mations it is not to be expected that they will satisfy exactly -all the
theoretical conditions. The value of c, however, has been adjusted so that

the coefficients in 2ll cases satisfy condition (3) namely the requirement
that their sum be unity., This may be regarded as the most fundamental re-
quirement, The values are given to 9 decimals, This 1s a convenient number
for the large electronic machines, It means that for all  practical purposes
they are exact. If, however, it is desired to use the coefficlents with
ordinary desk calculators, the use of so many decimals is unduly laborious,
and mere rounding to a small number of decimals will in general destroy the
conformity to the theoretical conditions, Since the bias thus introduced
could concelvably be significant it is recommended that if these tables are
reduced to a small number of decimals the procedure be as follows., For
m=0orms=1l, eguation (3) is the only conditlon necessary to consgider,:
In these cases we may take the ordinary rounded values of 61 one Gn and find

the central coefficient as
¢ =12 > & (a7)
o =1 1

For m = 2 or m =3 we must also satisfy equation (h) with k = 2, We take
then the rounded values of €y see Cpy write : '

n

. 2. ‘
¢ “‘.‘"Z i ¢y ) (18)
1=2
and find ¢  from (17), For m = L we must also satisfy equation (L) with
k = L. If in this equation we substitute k = 2 and k = L and eliminate
dl we get ‘

n .
€, = 'i:'% >£:3r 12(12".1)31 (19}

In this case we take the rounded values of’d‘...én and substitute

successively in (19), (18), and (17). In equations (17) and (1B} the
coefficients are obviously integers. In (19) they are also integers since

12(12-1) 1s devisible by 12 for any integer value of i. Hence the sub-
stitution in these squations involves no rounding and the results satisfy
them exactly. In order to keep the changes in the central coefficlents

as small as possible it may be feasible to exercise some judgement in the
rounding of the outer ones. For example for m = L, n = L, straight rounding
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rounding to four decimals would give ¢, " 1976, g * «30U6, ¢, = ~.0063,
cy = ~.0677, and ey, = «0206. If we acecept these values of cq and e, end
compute the others we get cy = -.0058, c; - «3029, and ¢, = «5000. On the
p = =-006k, ‘c; = .30kl and

c = 11980, which are much nearer to the exact values. The reason is as
follows. The six~decimal values are cy® -.067688 and c) = «02062Lh. In
the first case the rounding of ¢, and oy, glves respective alterationg of

=.,000012 and ~.000024. In (15) these are multiplied by the coeffloients
=6 and =20 and give an alteration of .000552. In the second case the
"~ alteration in c3 is made + .000088. Now although this is larger than boefore

it gives an alteration in éz of only -.0000L8. A little juggling of this

sort may diminish appreeiably the alterations in the gentral coefficieﬁts,
Which may become considerable for the larger values of n. The technique
is to select the rounded value of ¢, first and select in succession the

- rounding of Chel, Cp.geee SO as to prevent the building up of a large
H
alteration in Ope

other hand if we use cy " -.0676, we got ¢

18, [ntries Near the Bepinning or End, We have noted that a formuls
of spread n carmoi be applied within n steps of the beginning or end of a
sequonce because of the absence of some of the terms called for., It is
theoretically possible to derive special asymmtrical formulas to cover these
caeess They require, however, greatly increcased laber both in derivation
and in use. The following procedure appears adequate to deal with the values
ngar the ends. Whatever method may be used for selecting n for the body of
the table, it need not be regarded as invioluble. For a value near enough
to elther end to call for an entry outside the table with the regular value
of n, we shall simply usc a value of n enough diminlshad to avold this dif-
ficulty. In general we may contlnue to use the regular value of m. However,
Wwa may not diminish n so far as to make 2n:=m, since then thera will be no
smoothing. When this occurs, m may be decreased also, being taken equal to
2n~1l, uhen this 1s dons, sach entry of the sequence 1s smoothed except the
end one, where the oripinal wulue 1s left unchanged, There are many tables
in which the leading entry le dafinitely fixed (often at zere). The method
Just describved 15 best adapted to theose oasos. I an end entry is not fixed
"in this way, the followlng mathod may be better, Let n be dlminished as the
end is approached as long as 2n~m, The remalning values may then be filled
in by taking as conatant, the tabular difference of order m. '

19, Comparison with Standarc ilethods » Numerical le. In Table 1l is
given & set of obsarved values at quart ervals ol so=called V angles
in the flight of & certain projectila, These are angles in degrees at one station
to be combined with a similar set from another station to give the orientation of
the projectile axis. The table also gives tabular differences up to the fifth
orders The next six tables (12-17) give the results of smoothing these values by six
different methods, cach likewise accompanied by five orders of tabular differences, .
and by the residuals. The first three of these tables make use of a spread of 11
values (ne5), and the next three of a spread of 25 values (n=12), 1In each of these
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- groups of three the first and second are based on a standard formula of the
type in common use and referred to in Paragraph 7 as undesirable, In Tables
12 and 15 the degree i1s 3; in Tables 13 and 16 the degree is 5, The final
table in each group (1l and 17) is based on the methods developed in this
report with the degree m=3. The relative characteristics of the several
smoothing methods are summarized in Table 18, To indicate relative
fidelity standard deviation is recorded for each method, namely the root
mean square value of all the residuals, To indicate the smoothness obtained,
the root mean square value of each order of difference is recorded for the
original values and for each method of smoothing,

In order to make an unbjased comparison of the different methods the
Same number of values for- any particular kind of quantity is included in the
means Thus there are 73 observed values here recorded; but applying an eleven
point smoothing formula to these gives 63 smoothed values, and a 25 pt, formuwla
L9 valuess Accordingly only L9 values are included in the residuals, 48 in
-the first differences, L7 in the second, and so on.

Let us first compare the power of the standard formulas for different
orders and different spreads, that is the measure of smoothness obtained as
"“Indicated by the dininution in the mean values of the tabular differences.

In no case 1s the first order difference greatly diminished, For all higher
orders, however, the diminution is very notable, Comparison of the different
values shows that the smoothing power for the same spread is greater for the
third order than for the fifth, but for the same order it is greater for a

‘25 point spread than for an 1l point spread, that this difference is always
substzntial and for the higher order differences quite noticable. Thus
increasing the spread increases the power, but increasing the order dimlnishes
1t, : "

If we turn our attention now to fidelity and look at the residuals, we
see an entirely different situation. For the same spread the fifth order
formule gives greater fidelity (i.e. smaller residuals) than the third; but
for the same order the 11 point spread gives better fidelity than the 25 point,’

We can combine these remarks as applied to the standard method by saying
that increasing the spread gives more. smoothing but less fidelity, whereas
increasing the order gives more fidelity but less smoothing, This presents
something of a dilemma, '

If now 'we turn to the results obtained by the method developed 'in this

report, and compare them with the preceding, we tend to avoid 'this dilemma,

The columns marked "Weighted" give the results of the new method for me3 and-
two values of n, It will be seen that the change to'the new method dimlnishes
both-the residuals and the higher: order differences, In.fact.the residuals are
~diminished almost asimuch by the change to.the new method with m'still 3 as they
" are by changing to m~5 with the standard method. The first and second differences.
_‘are difninished little if any; but the third and higher differences havetheir:
“means decreased to a small fraction of the old results, the fractien varying from '
"one-half ‘down'to one<fifth, When it.isirecalled that this improvement in smooth= .
ing power is accompanied by a substantial improvement in fidelity -also, it would
-appear that the new formulas should replace those commonly used in all cases .
where the use of a smoothing formula is the appropriate procedure,
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Table 1
Data Multipliers

(Exact Values)

165 286 L55 680 969 1330 1771 2300

meo0

L 1 2 3 L4 5 6 1 8 9 1w 1

- 0 N 9 16 25 3 49 64 81 100 121~ 4L 169
1 '3 8 15 24 35 L8 63 80 99 120 13 168
;2‘ 0 S5 12 20 32 45 6 77 96 117 10 165
3 0 7. 1B 27 L 55 72 91 112 135 160
2k 0 9 -20 33 L8 65 84 105 128 153
+5 0 11 24 39 56 75 96 119 1k
6 0 13 28 45 64 85 108 133
+7 0 15 32 51 72, 95 120
18 0 17 .36 57 80 105
*9 0 19 L0 63 88
#10 0 21 L4 69
2 0 23 U8
12 0 25
Divisor 10 35 8L 2925
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Table 2 -
Data Multipliers
(Exact Values)

. m=1
6 7
84 432
756 20
675 385
550 330
396 260
234 182

91 105
0 Lo
0 0

0

€88 3876 €783

675

616
5hé
Ls5
350
240
136

51

3025
2970
2808
2518
2205

16800

1360
918
513
150

33649

952
765
570
380
210

77

17710

11
2028
2002

| 1925

1800
1632

- 197

950
700
462
253

26910




1¢

312

DIVISOR

160
8L
-21

286

3 g
885 805
630 6.8
126 288

a2 -2
0 -9

o 0

0 0

0

a5 243

5
25676
22050

| 13050

3300
-2475
-25Th

92378

16796

Table

3

Data Multipliers

(BExact Values)

. o m=2 '
7 8

. 14,0860 386595
3722 360360
28182 | 288288
16016 188552
L6kl 85995
-2730 ~ 50ko
=L732 -38080
2652 . =41616
0 - =203h9
0 0
0 0
0
19315, 2042975

9
209935
196198
163138
118162
67032
211,20
9996
-23256
=203L49
-90lih
0

0

0

1225785

10
850678L
8106100
6981975

| 5325600

3427200
1610784
169575
~T701100
-?57600
-731500
-3028L1
0

0

5L367170

11
580853
557700
1491700
392700
275400
156978

51150
~19950
~58575
~63250
<4022
«17250

0
1032015

12
538265
519792
166752
385968
287793
184680

89376
12936
=37191
-58696
~55200
-35880

~13),55
1032015



2€

2 3
111 Lé9
56 324
-1 5
0 =0
0
0
0

195 1105

8398

5
7308

2519,

6
48636
L2768
27918
10868
~1287
~5148
~2860

193154

Table L
Data Multipliers

(Fxact Values)
me= 3

7 8
82764 334323
7L8Lh © 308308
SuoSk 236238
28028 145236
5733 56056
-6552 -=665}
-8092  ~328Lk4
-3672  =28l24
0  -11305
0 0
0 0
0 0
0
371450 1671525

9
T62TLTT
7135128
5783778
3513728
1975208

111264

-515508
-767418
-549L23
~198968
0

0

0

112010995

10
12739727

12046320
10115820

7360320
1351320
1671432
- =222870
~1149120
~12132L5
~=769120
259578
0

0
76608285

11
185427
1769768
1526668
1171368

767448

38372

79002
-111188
-182113
~1.60%908

=93610
-29900
0
12096045

12 -
11489296

11027016
97276

7759752
5468067
3182652
1220142
-=151268
-956340

~=1128380

-888030
-484380
~11,8005
80640300



€€

i 3
0 57Lh
b1 2L75
L -990
i3 165
) 0
1 0
%% 0
:7 0
8 0
29
10
1
=12

DIVISOR 90l -

L
51756
31680

=70L0

2145

L. 0O o o O O

101,006

5
216012

15410

" 34320

-307L5
=15015
9009

o O © O oO©

520030

Table 5
Data Multipliers
(Exact Values)

me )l

6 7 8
2398LL h09356u 281450851
187200 3378375 21393600
72540 1706250 1);132880
-16640 123305 3758720
~32565  =5678L0 2813160
=4992 -380562 ~3792768
8840 30940 ~1447040
0 125970 620160
0 0 712215
0 0 0
0 0 0
0 0 0
0 0
668610 12924)60 100180065

9 10
1518803
1338480

8798L0
3Ll 760
-55080

9739301
8760960
6205680
3035520
348840
~20930) =2116288
-155040 -1279080

~29070 ~6566L0

41895 19665
30590 279680 -

0 157320

0 0

0 0

58929145 141250615

11
140056 3814
127992150
95830020
5L0L1130
15348960
~10264,617
-19205010
-11;925735
-5282640
2093575
38L8130
1816425

0
642611160

12
1105880461
1023261000

799125000

L97988L80
200016135

-23836032

~136},22660 -

~113542080
-858442900
-16596800
2}:1,51,980
27820800
11555775
5162L149860



¥e

n
i

0 0.40000C00C 0,257142856 0,150476190

2l
*2
23
h
*5

I:‘ '\'6 I& I_f, I&

0

22

1 2 3

0.300000000 0.228571L29 0.178571L29
0.1L2857143  0.142857143
0.083333333

4

0,151515152
0.15L5L5L5
0.127272727
0.096969697
0.0545L5L55

Tatle &

Data Multipliers

Decimal Approximations

c

0.12587h126
0.122377623
0.111888112
0.09L4,0559L
0.069930070
0.038461538

m=0

6

0.107692308
0,105)94504
0.098901099
0,087%12008
0,072527473
0.052747253
0.023571,29

7

0.08L117646
0.,09264,7059
0.08823529%
0.080882353
0.,070888235
0.057352541
0.041176471
0.02205882),

]

0.083591330
0.082559340
0.079L463364
0.074303406
0.067079463
0,057791538
0,0L6439528
0.033023736
0,0175h43860

b

0,075187970
0.07LL 36090
0.072180451
0.068L21053
0.063157895
0.056390977
0.0k8120301
0.038345865
0.027067669
0.01428571h

10

0.068322980
0.057758328
0.066061370
0.063241107
0.059288538
0,05L206663
0.0479954,83
0.0L065L957
0.032165206
0,0225B6110
0.011857708

1

0,062608696
0.062173913
0.060869565
0.058695652
0,055652174
0.051739130
0.046956522
0.0l130L3L8
0.034782609
0.027391304
0,0191304,35
0.010000000

12

0.057777778
0.057L,35858
0,0564,10256
0.054700855
0.0523076%2
0.049230769
0.0L5LT0085
0,041025641
0.035857L26
0.030085L70
0.0235859ThL
0.0164,10256
0.008547009



Gg

0
*l
:2

+12

1 2

0.4,28571,28 0,28571L286
0.285714,286 0.23B095238
0.119047619

3

0.216L50216
0.1945051%5
0,136363636
0.060606061

L

0.174825174
0.163170163
0,130536131
©0.083915084
0.034965035

5

0.146853146
0.139860140
0.115880120
0.089910090
0,05L3L5055
0.021578022

Table 7

Data Maltiplisra

Devimal ipproximations

me=1
6

0,.1266960832
0.1221715L6
0,10908209L
0.088881707
0.,06399L829
0,037815126
0,014705882

7

0.111hL55108
0.10835913L
0.099329206
0.08513931%
0.067079463
0.0L695562L
0.027089783
0,01031%917

8

0.099513490
0.097302080
0.090815273
0.080L95356
0.067075L63
0,051599587
0.035382574
0,020050125
0.007518797

b

0.0898983660
0,088264139
0,0834L9731
©.075722904
0.065529L.36
0,053453417
0.0L0LL72LY
0,027281643
0.0152l4562
0,0056L6527

10

0.081987578
0.080745341
0.07707509%
0.0711462L5
0.063241107
0.053754541
0.043195934
0.032185206
0.021)56804
0,011857708
0.00L347826

ha !

0.075362320
0.074396136
0.07153L745
0,066889632
0.0606L6600
0.053065775
0,044451605
0.035302661
0.026012635
0.017168339
0,009L01709
0.0034186803

12

0,069731800
0,068965517
0,066691929
0.062986822
0.057976506
0.051837817
0,0L479811L
0.03713527%
0.029177719
0.02130L366
0.0139L4676
0.007578628
0.,002736727



9g

n
i

0 0,559440558 0.412587412 0.331135LL8
1 0.29370629h 0,29370629L 0,266556972

+

*

=3
i1
I
%
57
p4:]

2

3

-2 -0.073426573 0.0587L1259 0.118L&3766
-0,058741259 -0,009872480 0.035722791

L S

0.2779LLI6E
0,238693195
0.141267L01

=0.040723982 =0.026792093
=0,027863777

Table
Data Multip

8
lers

Decimal Approximations

6

0.2L00ST156
0.21L336747
0.147 356513
0.0654u91784
0..000000000
=0.027863777

me= 2

7

0.2115L1050
0.1937L1762
0.14590k304
0.082918293
0.024027460
=0.014133600

0.1892313%0
0.176389923
0.14111155%
0.092292857
0.042093026
0.002466991

g

0.171265760
0.161690672
0.13L96L9%L1
0.096658060
0,05L68L957
0.01747L516

«0,0193498L5 -0,024496587 ~0.01863948L -0.00815L7TL
-0,013729977 -0,020370293 =0,018972332

10

0.15646913L
0.149135958
0.12842267
0.097956175
0.0630380L3
0.029627680
0.003115070

n

0,14L060228
0.138317938
0,121948951
0.097395L71
0.068303317
0.038932091
0.013430010

=0,012895650 =0,00L947898

12

0.133L97768
0.128916187
0,115761474
0.09572583)
0.071376967
0.cls8034L00
0.022165584
0.003208321

=0, 0099604 7L ~-0.,016600791
=0.007378129

-0,017613571
=0.0134L54811
=0,005570292

=0.014527476 -0.00922392L
=0.0156869L6 =0,0L4557486
=0,01091811); =0,013690425
=0,00,278258 -0,008898776

«0,003337041
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Table 9
Data Multipliers
Dacimal Approximations

me=3

1 2 3 4 5 6 7 8 9 10 n 12
0 1,000000000 0,59230770 0.h24L34390 0.343415098 0.29006%06L 0.25179%08L 0.222813298 0.200010768 0.181559066 0,166296986 0,1530L5082 0.142L,75860
O 0.287179487 0.293212670 0.270064301 0.24450265% 0,221419178 0,201491452 0.18L447137 0,16983953% 0.157245656 0,1463096L0 0.1367L432h1
: =0,071794872 0.048868778 0.109311741 0.135349686 O0.1LL537519 0.145521605 0.142527333 0.13767295% 0.132046031 0,126212163 0.12046L 284
33 =0.05L298643 -0,015716028 0,02619671h 0.056265985 0.0754556L7 0.086888321 0.093159612 0.096077337 0.096638925 0.096226725
4N -0,035365563 =0.028379773 -0.006663077 0,015434110 0,033535843 0,0LT111657 ©,05679%601 0.053L46193 0.067808118
5 -0.022703818 -0.026652309 -0.017638582 -0.003986779 0.,009789437 0,021857062 0,031723096 0,039L6726L
b -0.014806838 -0,021784897 -0,019645123 -0,012270788 -0.002909216 0,006531226 0,015130673
%7 -0,00988558Y -0.017004831 ~0,018257789 =0.0149999kk -0.009192095 -0.002371866
b -0.006763285 =0.013078076 -0,015836995 -0,01508038L =0,011859331
L -0,00473609h -0.010039645 =0.013302530 =0.013992755
30 ~0.003388380 -0.007738893 -0,011012236
fn -0.002471882 -0.00600667h
=12

-0,001835373



8¢

L # 4 + 0 &1 + 1 L+

n

3
0 0.635117206

1 0.273662096
2 -0,10946483%
3 0,0182L4140

MO e N Oy B

11

L S 6
0,497625138 0.415383728 0,358720330

0.304597812 0.296982865 0.279983847
=0,0063L5788 0.065996193 0,10849371
~0.067588403 -0,059121589 -C,02L4887453

Table 10
Data Multipliars
Decimal Approximations

m= l
7 B 9 10

0.3166082628 0.283997132 0.257732h2h  0.236100748
0,261353456 0,243497546 0.227132613 0,2123837h3
0,131996695 0.1LL069381 0.149303956 0,150L38434
0,009538961 0,037519640 ©.058503855 0,073587267

0.020623810 -~0,028873334 -0.048705523 -0.043928500 -0,028081036 -0,00934677C 0,008L 56601
0.017324001 -0,00Th66236 —0.0294405SL3 -0.037859508 -0,035517725 -0.027061124

0.013221L 5%

0.,002393540 -0.01LLL)391 -0,026309426 -0,031007538
0.0097L5127 ©.006190L53 -0.004933017 -0.015918308
©,00710934% 0,0071093L% 0,000476720
©.005190953  0.006780020

0,003813761

1
0.217936708
0,199165813
0.149115020
0.084092233
0.023884184

-0,0159725L8

-0.029864500

=0,023225613

-0,008220202
0,003257767
0.005987992
0.002826500

12
0.202451372
0.187326938
0.146349170
0.091165776
0.036616562

-C.004363616
-0,024,97L629
=0.026277958
~0,015715092
-0,003038344
0.004L76925
0.00509309%
0.002115493



TABLE 11 .
OBSERVED VALUES
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TABLE 11
OBSERVED VALUES
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(STANDARD METHOD - 3rd. DEGREE ~ 11 VALUE SPREAD}

TABLE 12
ADJUSTED VALUES

Original

Adjusted

"ITEM Value Value (Iéesidual) Differences for Adjusted Values
(Degrees) (Degrees) egx.'ees A I Al Al AY
1 14.1
2. 13.8
3 12. 6
4 12. &
5 10,8 )
6 9.7 9.33 0. 37
7 8.0 8.67 -0.67 ~0.66
8 7.7 7.91 -0. 21 ~0.76 | -0.10 .
9 7.6 7.36 0,24 -«0.55 0.21 0.31
10 7.1 7.12 ~0,02 ~0. 24 0.31 0.10 -0, 21
11 7.1 7.07 0.03" ~0, 05 0.19 =0,12 -0,22 -0.01
12 _____7.6_ ___1.40 ~° 0.20 __0.33 0.38 [ 0.19 0. 31 .0.53
15" 7.5 ~ 7.84 033771770347 T TR0 T R0 A8 T ~0. T
14 8.3 8.38 -0.08 0.54 0.10 ~0.01 0. 26 0,72
15 9.0 9,27 -0, 27 0.89 0.35 " 0.25 |- 0,26 0.00
16 10.7 10.16 0.54 0.89 0.00 =0. 35 -0. 60 -0, 86
17 11.1 11, 20 -0.10 1.04 0.15 0.15 0.50 1.10
18 11.8 12.18 -0, 38 0.98 ~0.06 -0, 21 -0, 36 ~0. 86
19 13.6 13.02 0.58 0, 84 ~0.14 -0.08 0.13 0.49
20 13.5 13. 80 =0, 30 0.78 ~0, 06 0.08 0.16 0.03
21 14. 8 14.45 0.35 0.65 -0.13 =0.07 ~-0,15 -0.31
22 14. 4 14. 96 ~0. 56 0.51 -0,14 -0, 01 0.06 0,21
23 15.3 15,12 0.18 0.16 =-0,35 -0, 21 -0, 20 ~0, 26
24 15.6 15.08 0.52 -0, 04 -0, 20 0.15 0. 36 0.56
25 15. 2 15,05 0.15 -0.03 0.01 0.21 0.06 -0.30
26 14.2 14. 80 -0. 60 ~0, 25 -0, 22 ~0.23 =0, 44 ~0. 50
27 13.9 14. 34 =0, 44 ~0. 46 -0, 21 0.01 0.24 | 0, 68_
28 - 14.1 13.61 0.49 -0.73 =0, 27 ~0.06 -0.07 =0, 31
29 13.2 12,79 0. 41 -0, 82 ~0.09 0.18 0.24 0.31
30 12.0 - 11. 88 0.12 -0.91 -0.09 0.00} ~0.18 0,42
31 10.2 10.79 ~0. 59 ~1.09 ~0.18 -0,09 =0. 09 0.09
- 32 9.6 9.38 0.22 1,41 -0.32 ~0.14 {- ~0,05" 0.04
33 8.2 7.86 0.34 -1,52 -0.11 0. 21 0.35 0.40
34 - 6.6 6.49 0.11 -1.37 0.15 0. 26 0.05 | -0.30
35 5.1 5.34 ~0. 24 -1.15 0 22 0.07 «0.19 -0, 24
" 36 3.9 4,47 0,57 ~0. 87 0.28 0.06 { =0.01 0.18
"37 - 3.5 3,65 =0.15 -0, 82 0.05 =-0. 23 -0.29 ~0. 28
3B 3,2 3,09 0.11 . =0,56 0.26 0.21 0.44 0.73
39 3.2 2.72 0.48 -0.37 0.19 -0,07 -0, 28 -0.72
40 2.9 2. 50 0. 40 -0, 22 D0.15 -0, 04 0.03 0.31
41 2:1 2.41 -0.31 ~D. 09 0.13 -0.82 0.02 -0,01
42 2.2 2.38 -0.18 -0.03 0.06 -0.07 -0.05 ~0.07
43 2.6 2.72 ~0.12 0. 34 0. 37 0. 31 0. 38 0.43
44 3.3 3,32 =0, 02 0,60 0. 26 -0.11 -0,42 =0, 80
4.2 4.45 -0.25 1.13 0.53 0. 27 0.38 0.80



TABLE 12

ADJUSTED VALUES
(STANDARD METHOD - 3rd. DEGREE ~ 11 VALUE SPREAD)

42

ITEM O?ﬁl‘?:l A%J:lit:d Residual Differences for Adjusted Values
(Degrees) (Degrees) (Degrees) £ A A Al AY
46 5.4 5.80 ~0. 40 1.35 0.22 -0,31 =-(.58 -0.96
47 7.6 7.12 0.48 1.32 ~0.03 -0,25 0. 06 20,64
48 8.5 8. 48 0.02 1. 36 0.04 0.07 0.32 0. 26
49 10.5 9.75 0.75 1.27 -0.09 ~0.13 ~0,20 | ~-0.52
50 10.5 10.93 =0, 43 1.18 =0.09 0.00 0.13 | 0.33
51 11.5 11.92 -0. 42 0.99 |-0.19. | ~0.10 | -~0.10 | ~0.23
52 12.7 12.62 0.08 0.70 -0. 29 ~0.10 0.00 0.10
53 13.2 13.27 =-0.07 0. 65 =0.05 0,24 0.34 0.34
54 13.9 13.50 0.40 0.23 ~0.42 -0, 37 -0.61 -0, 95
55 13,7 13.59 0.11 0.09 -0.14 0. 28 0.65 1.26
56 13,2 13,21 -0, 01 ~0. 38 ~0.47 ~0. 33 -0, 61 ~1,26
57 12. 7 12, 47 0. 23 ~0, 74 ~0. 36 0.11. Q.44 1.05
Y 11.1 11.54 =0, 44 -0.93 -0.19 0.17 0.06 -0, 38
59 10.4 10, 23 0.17 =-1,31 =0, 38 -0.19 ~0.36 ~0.42
60 8.9 8.83 0.07 ~-1.40 =0.09 0.29 0.48 0.84
6]....-.—...--1._5--.-..-7...35.....-_..0...16.....T-:L.AQ-- =009 L. Q000 =029 =071,
62 6.0 5,76 0,24 - =1,58 -~0. 09 0.00 0.00 0.29
63 3.9 4,55 -0, 65 -1,21 0.37 0.46 0.46 0.46
64 3.1 3.30 ~0. 20 -1, 25 ~0.04 -0, 41 ~-0.87 ~1.33
65 2.0 2.05 -0. 05 ~1. 25 0. 00 0. 04 0.45 1,32
66 1.1 0.96 0.14 -1, 09 0.16 0.16 0.12 -0,33
67 1.3 0.06 1.24 ~0.90 0.19 0.03 =0.13 ~0.25
68 =1.1 ~0.72 -0, 38 -0.78 0.12 -0, 07 «0,10 0.03
69 «2.0
70 -=1,1
71 ~1.1
72 ~0. 4
73 2.1



TABLE 13
ADJUSTED VALUES

(STANDARD METHOD - 5th DEGREE ~ 11 VALUE SPREAD)

ITEM Original Adjusted Difference for Adjusted Values
Value Value Residual T . - |
{Degrees) (Degrees) {Degrees) jal o a AV AV
1 14,1
2 13.0
3 12,6
4 12,9
5 10.8 o -
6 9.7 9.56 0.14
7 8.0 8. 46 -0. 46 ~1.10
8 7.7 7.65 0.05 - 1~0.81 | 0.29
9 7.6 7.31 0.29 ~0. 34 0.47 - 0.18
10 7.1 7.20 ~0.10 -0.11 0.23 ~0,24 | -0.42
11 7.1 7.29 -0.19 0.09 0. 20 ~0.03 0,21 0.63
12 7.6 7.26 0.34 ~0.03 | ~0.12 ~0.32 { -0.29 -0,50 _
) Jhataial s Selabulabutel Jt ¥- Safoliafiabori v ¥ Sutally ol v -l il e’ ol el 3 Sl et T ol sialab W B
14 8.3 8.42 -0.12 0.78 | 0,40 -0.01 | -0.54 ~1.39
15 9.0 8.92 - 0.08 0.50 -0, 28 ~0.68 ~0.67 -0.13
16 10.7 10.21 - 0.49 1.29 0.79 1.07 1.75 2,42
17 11,1 11.23 -0.13 1.02 | ~0.27 -1.06 | ~2.13 -3.88
18 11.8 12.25 ~0.45 1.02 0. 00 0.27 1.33 3,46
19 13.6 13.10 0. 50 0.85 | ~0.17 ~0.17 | ~0v44 '| ~1.77
20 13.5 13,75 -0. 25 "0.65 | ~0.20 -0.03 | -0-14 0.58
21 14.8 14,43 0.37 0.68 0.03 0.23 0.26 - 0.12
22 14. 4 14.94 ~0.54 0.51 { ~0.17 -0.20 | ~0.43 -0.69
23 15.3 - 15,24 0.06 0.30 -0, 21 ~0. 04 0.16 0.59
24 15.6 15,29 0.31 0. 05 ~0. 25 -0. 04 0.00 ~0. 16
25 15.2 - 14,95 0.27 -0. 34 ~0.39 ~0.14 -0.10 ~0.10
26 14,2 14, 64 - =0.44 -0. 31 “0:03 - 0.42 0.56 0.66
27 13.9 14.21 -0. 31 ~0.43 | ~0.12 -0.15 | ~«0.57 ~-1.13
28 14.1 13.70 0. 40 ~0.51 | ~0,08 0.04 |:0.19 0.76
29 13.2 12,99 0.21 -0.71 | =0.20 ~0.12 | ~0.16 ~0.35
30 12.0 12,01 -0.01 ~0.98 | =0.27 -0.07 { ~0.05 0.21
31 10,2 10.72 -0,52 -1.29 | ~0,31 -0.04 0.03 -0.02
32 9.6 9.36 0.24 -1,36 | -0.07 0.24 0. 28 0.25
33 8.2 8.01 - 0.19 -1.35 0.01 0.08 | -0.16 -0, 44
34 6.6 6.58 0.02 ~1.43 | ~0.08 ~-0.09 | -0.17 | =~0.01
35 5.1 5.19 ~0. 09 ~1.39 0.04 0.12 0.21 0.38
36 3.9 4.02 -0.12 ~1.17 0.22 0.18 0.06 | ~0.15
37 3.5 3.51 -0.01 -0, 51 0. 66 0. 44 0.26 0.20
38 3.2 3.25 -0.05 -0, 26 0.25 ~0.41 -0.85 -1.11
39 3.2 3.02 0.18 =0.23 0.03 | =0.22 0.19 | 1.04
40 2.9 2,70 0.20 ~0, 32 -0.09 -0.12 0.10 ~0.09
41 2.1 2,37 -0, 27 =0.33 | -0.01 0.08 0. 20 0.10
42 2.2 2.31 -0.11 ~0. 06 0.27 0.28 0.20 0.00
43 2.6 2,45 0.15 0.14 0.20 -0,07 .| -0.35 -0.55
44 3.3 3.22 0.08 0.77 0.63 0.43 0.50 0. 85

L3



ADJUSTED VALUES
(STANDARD METHCD -~ 5th DEGREE - 11 VALUE SPREAD)

TABLE 13

ey Grigimal o Adjusted  pogigual Differences for Adjusted Values
alues Value
(Degrees) (Degrees) {Degrees)
< N Z’l-." d,’f —é_nv v
45 4.2 4.25 ~0. 05 1.03 | 0.26 | -0.37 | -0.80 | ~1.30
15 5.4 5.68 -0. 28 1.43 | 0.40 0.14 | 0.51 1.31
47 7.6 7.30 0. 30 1.62 | 0,19 | -0.21 |~0.35 | -0.86
48 8.5 8.74 -0.24 1.44 | ~0.18 | -0.37 | -0.16 0.19
49 10.5 9.96 - .0.54 1.22 | ~0.22 |° -0.04 |-0.33 0. 49
50 10.5 10. 86 -0. 36 0.90 | -0.32 | -~0.10 |=-0.06 | -0.39
51 11.5 11. 66 ~0. 16 0.80 | ~0.10 | —0.22 | 0.32 0.38
52 12,7 12.57 0.13 0.91 | 0.11 0.21 | ~0.01 | =0.33
53 13,2 13. 20 0,00 [ 0.63 { -0.28 | -~0.39 |-0.60 | ~0.59
54 13.9 13. 83 0.07 0.63 | 0.00 0.28 | 0.67 1. 27
55 13.7 13.73 -0.03  |-0.10 { -0.73 | -0.73 | ~1.01 | ~1.68
56 13.2 13. 26 ~0.06  [~0.47 | -0.37 0.36 | 1.09 2.10
57 12.7 12. 48 0.22 |-0.78 | ~0.31 0.06 |-0.30 | =~1.39
58 11.1 11.39 -0.29 |-1.09 | -0.31 0.00 | ~0.06 0. 24
59 10. 4 10.31 0.09 |-1.08 | o0.01 0:32 | o0.32 0.38
60 8.9 8. 93 ~0.03 |{=1.38 | ~0.30 | ~0.31 | ~0.63 | ~0.95
6L T5. ... 73901 _|:u5s | -ode | Cols | ooss | 1ow.
62 6.0 5. 89 0.11 |-1.50 | o0.04 0.20 | 0.06 { -0.39
63 3.9 4.13 ~0.23 |~1.76 | ~0.26 | -0.30 | -0.50 | -0.56
64 3.1 3.01 0.09 |-1.12 | 0.64 0.90 | 1.20 1. 70
65 2.0 2. 20 ~0.20 {-0.81 | 0.31 [ -0.33 |-1.23 | -2.43
66 1.1 1,28~ . «0.18 [-0.92 | -0.11 | -0.42 | -0.09 1. 14
67 1.3 0.33 0.97 [-0.95 | ~0.03 0.08 | 0.50 0. 59
68 1.1 -0.79 ~0.31 |~1.12 | ~0.17 0.14 |-0.22 | =0.72
69  -2.0 '
70 ~1.1
71 1.1
72 -0.4
73 2.1 t



"TABLE

14

(WEIGHTED METHOD = 3rd DEGREE ~ 11 VALUE SPREAD

-0, 32

ITEM 'Original - Adjusted ' ' -
' . Value  Residual Difference for Adjusted Values
l(Degree_s)ﬁ - {(Degrees) (Degrees) Al A" LA AlY. J__y
1
2
3 .
4 .
5 10.8 :
6 9.7 9.55 0.15
7 8.0 8.54 =0. 54 -1.01 |-
8 1.7 7.78 ~0. 08 ~0. 76 0.25
9 - 7.6 7.34 0.26 |~0.44 0.32 0.07 |
l 7.1 7.17 -0.07 -0.17 0.27 | =0.05 -0.12 R
1 7.1 7 17 - =0.07 0.00 0.17 «0.10 ~-0.05 0. 07
Y 7Y S - 0.26 0.17 0.17 0.00 1 0.10 | _0.15
13 T.%° - 7"’12 St A Sabaly ' i’ Rl et i R et - a1 S L
' 8.3 8.38 -0.08 | 0.64 0.24 0.01 | ~0.05 -0, 11
9.0 9.23 -=0, 23 0.85 0. 2] -0.03 | ~0.04 0.0l
10. 7 10. 20 0.50 0.97 0.12 ~0.09 | ~0.06 -0.02
11.1 11.22 -0,12 - 1.02 0.05 ~0.07 0.02 0.08
- 11.8 12,20 ~0.40 0.98 | ~0.04 ~0.09 | ~0.02 ~0. 04
13.6 13,06 8. 54 0.86 ] ~0.12 -0, 08 0.01 0.03
13.5 13,80 ~0. 30 0.74 | ~0.12 0.00 0.08 0.07
14,8 14.43 0.37 0.63 -0,11 0.01 0. 01 ~0.07
14,92 ~0,52 0.49 | ~0.14 ~0.03 | -0.04 ~0. 05
15.3 15219 0.11 0.27 | -0.22 -0,08 | ~0.05 -0, 01
15,21 - 0.39 0.02 =0. 25 -0.03 | 0,05 0.10
15.02 “0.18 =0.19 -0. 21 0,04 0.07 0.02
14,68 ~0.48 -0.34 | -0.15 0. 06 0.02 .| =-0.05
14,25 -0. 35 -0.43 | -0.09 0,06 0.00 ~0.02
13.68 0.42 -0.57 | =0.14 ~0.05 | ~0.11 ~0.11
12,93 0.27 «0.75 | -0.18 -0, 04 0.0l 0.12
11. 94 0. 06 -0.99 | -0.24 -0.06 | =~0.02 -0,03
10.73 ~0.53 -1,21 | -0,22 0.02 0.08 0.10
9.6 9.37 0.23 -1,36 | -0.15 0.07 0.05 ~0.03
8.2 7.96 0. 24 -1.41 | ~0.05 0. 0.03 ~0. 02
6.6 6.55 0.05 -1.41 0.00 0. - «0,05 | =0.08
5.1 5.25 -0, 15 -1.30 |- 0.11 0. 0.06" 0.11
3.9 4,23 -0, 33 -1.02 0.28 0.17 0.06: .| 0.00
3.5 3.56 ~0.06 ~0.67 0.35 0.07 t -0.10 -0, 16
3.2 3,18 0.02 -0,38 ] 0.29 =0.06 | -0.13 -0.03
3.2 2,89 - 0,31 -0. 29 0. 09 ~0,20 | -0.14 ~0.01
2.9 2.61 0.29 -0.28 | 0.01 -0.08 0.12 0. 26
2.1 2,38 -0, 28 =0.23 | 0.05 0.04 0.12 0.00
2.2 2,32 «0.12 -0, 06 0.17 0.12 | o0.08 ~0,04
2.6 2,60 - 0,00 0.28 0.34 0.1% 0.05 -0, 03
3.3 3.27 '0.03 0.67 | 0.39 0.05 | -0.12 ~0.17
4.2 4,34 -0.14 1.07 0.40 0.01 | ~0.04 0.08
. 5.4 5.72 1,38 0.31 -0.09 1 ~0.10 -0. 06




WEIGHTED METHOD ~ 3rd DEGREE -'11

TABLE 14

VALUE SPREAD

ITEM Origmal Adjusted

Differences for Adjusted Values

68

~0.90

Value Value Residual

(Degrees) (Degrees) (Degrees) N A A A AY
47 7.6 7.22 0. 38 1.50 0.12 | -0.19 | =-0.10 0.00
48 8,5 8.64 -0.14 1.42 ~0.08 -0, 20 -~0. 01 0.09
49 10.5 9.87 0.63 1,23 -0.19 | ~0.11 0.09 0.10
50 10.5 - 10,88 -0.38 1.01 -0, 22 ~0,03 0.08 | ~0.01
51 11.5 . 11,78 =0, 28 0.90 -0.11 0.11 0.14 0.06
52 12,7 12,58 0.12 0.80 | =-0.10 | . 0,01 ~0.10 -0, 24
53 13.2 13.26 -0. 06 0.68 | ~0,12 | ~0,02 ~0.03 0.07
54 13.9 13.66 0.24 0.40 | ~0.28 -0.16 ~0.14 | «0.11
55 13.7 13,67 0.03 0.01 ~0.39 | -0.11 0.05 e.19
56 13,2 13,24 -0.04 ~0. 43 -~0.44 | ~0.05 0.06 0.01
57 12.7 12,47 0.23 ~0.77 -0. 34 0.10 0.15 0.09
58 11,1 11.46 -0, 36 -1.01 -0. 24 0.10 | . 0.00 | ~0.15
59 10.4 10, 26 0.14 |=1. 20 ~0.19 .0.05 -0 05 | -0.05
60 8.9 8.89 0.01 -1,37 -0.17 0.02 | -0.03 0.02

1 ___. 7.5 ____.1738____ 012 __ |-1.51 | ~0.14 | o0.03 | 0.01 | 0.04 _

52 8.0F TTEBIT §.13 377 =0.08 7 "6. 087 T0.05 6.01
63 3.9 4,34 -0.44 -1, 47 0.10 0.16 0.08 i0.03
64 - 3.1 3,12 =0. 02 -1, 22 0.25 0.15 { ~0,01 -0.09
65 2,0 2,11 -0.11 -1, 01 0.21 -0.04 | -0.19 | -0.18
66 1.1 1.16 ~0. 06 ~-0.95 0.06 | ~0,15 | ~0.11 0.08
67 1.3 0.22 1.08 ~0. 94 0.01 ~0.05 0.10 0.21

-1.1 . =0.68 =0, 42 0.04 0.03 0.08 | ~0.02



TABLE 15
(STANDARD METHOD - 3rd DEGREE - 25 VALUE SPREAD)

ITEM Original Adjusted Residual Difference for Adjusted Values
Value " _Value (Degrees)

(Degrees) [Degrees) A o o oY oY
1 141
2 13.p
3 12.6
4 12.0
5 10.8
6 9.7
7 8.0
8 7.7
9 7.6
10 7.1
11 7.1
12 7.6
13 7.5 8.49 ~0.99 |
14 8.3 '9.00 ~0.70 0.51
15 9.0 9.60 ~0. 60 0.60| 0.09
16 10.7 10.27 - 0.43 0.67| 0.07 ~0.02 .
17 11.1 11.04 0.06 0.77 0.10 0.03 0.05
18 11.8 11.85 -0. 05 0.81] 0.04 ~0.06{ -6.09 -0.14
19 13.6 12.66 0.94 0.81 0.00 ~0. 04 0.02 0.11
20 13.5 13.32 0.18 0.66] -0.15 ~0.15§ -0.11 -0.13
21 14. 8 13.90 - 0.90 0.58{ ~0.08 0.07} 0,22 0.33
22 14. 4 14,37 0.03 0.47) -0.11 -0.03}] -0.10 ~0.32
23 15,3 14.68 0.62 0.31] ~0.16 ~0,05]| ~0.02 0.08
24 15.6 14. 80 0. 80 0.12} ~0.19 -0,03} 0.02 | 0.04
25 15.2 14,70 0. 50 ~0,10| ~0.22 ~0.03] 0.00 -0.02
26 14.2 14,34 -0.14 +0.36 | ~0.26 -0.04} ~0.01 ~0. 01
27 13.9 13.77 0.13  |{-0,57} ~0.21 0.05} 0.09 0.10
28 14.1 13.04 1.06 ~0.73| ~0.16 0.05] 0.00 ~0.09
29 13.2 12.25 - 0,95 -0.79}| -0.06 0.10 0.05 0. 05
30 12,0 11.31 0.69 -0.94| ~0.15 ~0,09] «0.19 -0. 24
31 10.2 10. 26 -0. 06 «1.05} ~0.11 0.04] 0.13 0.32
32 9.6 - 9.20 0.40 ~1.06} -0.01 0.10} 0.06 ~0, 07
33 8.2 - 8.07 © 0,13 -1.13] ~0.07 -0.06 | ~0.16 -0, 22
34 6.6 6.99 -0, 39 -1.08] 0.05 0.12§ 0.18. 0.34
35 5.1 5,86 ~0, 76 -1.13| ~0.05 ~0.10 | =0. 22 -0. 40
36 3.9 4.91 ~1.01 =-0.95 0.18 0.23 0.33 0.55
37 3.5 4.09 =0. 59 ~-0.82 0.13 =0.05] ~0.28 ~0.61
38 3.2 3.51 -0. 31 -0.58}) 0.24 - 0.11}) o0.16 0. 44
39 3.2 3.08 0.12 -0.43] 0.15 =0,09{ ~0. 20 -0. 36
40 2.9 2,84 0.06 =0.24] 0.19 0.04] 0.13 0.33
41 2,1 2,90 -0. 80 0.06| 0.30 0.11| 0.07 ~0. 06
42 2.2 3.18 -0, 98 0.28 0.22 ~0.08] =0. 19 =0. 26
43 2.6 3.69 -1.09 0.51] 0.23 0.01} 0.09 0.28
44 3.3 4, 37 -1.07 0.68 Q.17 -0,06} -0.07 -0.16
45 4.2 5.25 -1.05 0.88] 0.20 0.03} 0.09 0.16

L7




, TABLE 15
(STANDARD METHOD - 3rd. DEGREE ~ 25 VALUE SPREAD)

ITEM 0;;%:::11 A‘;liil::ed Residual Differences for Adjusted Values
(Degrees) (Degrees) (Degrees) Al A A NG LAV

46 5.4 6. 29 -0. 89 1.04 | 0.16 | -0.04 | -0.07 | ~0.16

47 7.6 7.35 0.25 1. 06 0.02 ~0.14 -0.10 -0.03

48 8.5 8. 41 0.09 1.06 0.00 -0.02 0.12 0.22-

49 10.5 g, 41 1.09 1.00 ~0.06 -0.06 -0, 04 ~0.16

50 10,5 10, 35 0.15 ‘0.94 ~0.06 0.00 0. 06 0.10

51 11.5 11. 22 0. 28 0.87 ~0.07 -0.01 -0.01 =0.07

52 12. 7 11.90 *0.80 0. 48 -0.19 -0.12 -0.11- | «0.10

53 13.2 12, 38 0.82 0.48 =0.20 ~0.01 0.11 0.22

54 13.9 12. 57 1.33 0.19 ~0.29 ~0. 09 -0.08 -0.19

55 13,7 12.45 1.25 ~0.12 -0, 31 <0.02 0.07 0.15

56 13.2 12.19 1.01 ~0. 26 ~0.14 0.17 | 0.19 0.12

57 12,7 11.67 1,03 -0.52 ~0. 26 -0.12 ~0.29 ~0.48

58 11.1 10. 84 0.26 -0.83 ~0.31 «0.05 +0. 07 0. 36

‘59 10.4 9.82 0.58 -1.02 -0.19 0.12 0.17 0.10

60 8.9 8.68 0. 22 ~1.14 =0.12 0.07 ~0. 05 ~0. 22

6L .15 .. 33, 937 . Juas flozr | oes | ceite | oin

62 6.0

63 3.9

64 3.1

65 2.0

66 1.1

67 1.3

68 ~1.1

69 ~2.0

70 -1,1

71 -1.1

72 ~0.4

73 2.1




. TABLE 16
(STANDARD METHOD -~ 5th DEGREE ~ 25 VALUE SPREAD)

Adjusted

L9

ITEM OI;;EIE:I Value Residual _ Differences for Adjusted Values
(Degrees) (Degrees) (Degrees) | A! Y ol P Y

1 14,1

2 13,0

3 12.6

4 12.0

5 10.8

6 9.7

7 8.0

8 7.7

9 7.6

10 7.1

11 7.1

12___ 7.6 . | .
b % JAARRRA - SRaa Jir 1) RS M Ti RS AR RARRERRCRS IR AR MRS
14 8.3 8.40 ~0.10 0.60
15 9.8 9,25 =0, 25 0.85 0.25

16 10.7 10. 25 0.435 1.00 0.15 -0.10

17 11,1 11,21 -0.11 0.96 «0. 04 ~0.19 ~(.09 C
18 11.8 12. 11 =0, 31 0.90 -0. 06 -0, 02 0.17 0. 26
19 13,6 12. 90 0.70 0.79 ~0,11 ~0,05 ~0.03 ~0.20
20 13,5 13,73 -0, 23 0.83 0.04 0.15 0. 20 0.23
21 14,8 14. 40 0. 40 0.67 ~0.16 ~0, 20 ~0. 35 =-0.55
22 14. 4 14. 86 -0.46 0. 46 ~0, 21 -0. 05 0.15 0.50
23 15,3 15,15 0.15 0.29 ~0,17 0.04 0.09 -0, 06
24 15.6 15. 26 0.34 0.11 -0.18 -0.01 ~0.05 ~0.14
25 15,2 15.17 0.03 -0.09 -0, 20 -0.02 =0, 01 - 0,04
26 14, 2 14. 89 ~0.69 ~0. 28 ~0.19 0.01 0.03 0.04
27 13,9 14,40 ~0. 50 ~0, 49 -0, 21 ~0,02 -0,03 =0, 06
28 14,1 13.69 0.41 ~0, 71 -0,22 | «0.01 0.01 0.04
29 13.2 12.69 0.51 =1.00 0. 29 =0, 07 =0. 06 -0,07
30 12.0 11. 60 0. 40 =1.09 -0.09 0.20 0.27 0.33
31 10,2 10. 47 0,27 ~1,13 -0, 04 0.05 -0.15 =~0,42
32 9.6 9, 22 0.38 -1,25 «0,12 -0, 08 -0.13 0.02
33 8,2 8.01 0.19 -1.21 0.04 0.16 0. 24 0. 37
34 6.6 6.78 ~-0.18 -1,23 -0, 02 ~0. 06 ~0. 22 -0, 46
35 5.1 5. 71 -0,61 -1.07 0.16 0.18 0.24 0.46
36 3.9 4,65 -0.75 =1, 06 0.01 =0.15 =0, 33 ~0.57
37 3.5 3.1 -0, 21 =0, 94 0.12 0.11 0,26 0.59
38 3.2 2.87 0.33 -0. 84 0.10 | «-0.02 | -0.13 -0, 39
39 3.2 2. 36 0.84 -0.51 0.33 0.23 0.25 0.38
40 2.9 2.18 0,72 -0.18 0.33 0. 00 -0, 23 ~0, 48
41 2,1 2. 21 =0.11 0.03 0,21 0.I2 -0,12 0.11
42 2.2 2.50 -0. 30 0.29 0.26 § 0.05 0.17 0.29
43 2.6 3.00 «0. 40 0.50 0.21 ~0, 05 =-0.10 -0, 27
44 3.3 3,78 ~0.48 0.78 0,28 0.07 0.12 0.22




TABLE 16
(STANDARD METHOD -~ 5th DEGREE - 25 VALUE SPREAD)

ITEM O?Eiszj A‘;Ei‘::ed Residual Differences for Adjusted Values
(Degrees) (Degrees) (Degrees) N L A AY LY

45 4,2 4. 71 ~0. 51 0,93 0.15 ~0.13 -0.20 -0, 32

46 5.4 5.76 -0, 36 1.05 0.12 ~-0.03 0.10 0.30

47 7.6 6.97 0.63 1.21 0.16 0.04 0.07 -0.03

48 8.5 8. 26 0.24 1.29 0.08 -0.08 ~0.12 -0.19

49 10.5 9. 60 0.90 1.34 0.05 =-0.03 0.05 0.17

50 10.5 10. 87 -0, 37 1.27 | =0.07 ~0.12 ~0.09 ~0.14

51 11.5 11.94 -0, 44 1.07 -0.20 ~0.13 =0.01 0.08

52 12.7 2,81 " =0.11 0.87 ~0.20 0.00 0.13 0.14

53 13,2 13,35 ~0.15 0. 54 -0, 33 ~0.13 =-0.13 -0, 26

54 13.9 13.58 0.32 0.23 =0. 31 0.02 0.15 0.28

55 13.7 13.52 0.18 -0.06 ~0. 29 0.02 0.00 ~0.15

56 13.2 13. 00 0.20 ~0.52 -0. 46 -0.17 ~0.19 ~0.19

57 12.7 12, 24 0.46 ~0.76 ~0. 24 0.22 .0.39 0.58

58 11.1 11. 36 -0. 26 ~0. 88 ~0.12 0.12 ~0.10 ~0. 49

59 10. 4 10. 28 0.12 -~1.08 ~0. 20 ~0.08 ~0. 20 ~0.10

60 8.9 8.99 -0.09 -1.29 -0. 21 ~0. 01 0.07 0.27

6l ST OE- TN o .. ~0.16_ | -1.33 | -0.04_ 0.17 0.18 0.11
Y 5.0 - TTeTTmETmmm RN RaRRaReE (RRRRaRakal Saiaiakaie

63 3.9

64 3.1

65 2.0

66 1.1

67 1.3

68 -1,1

69 ~2.0

70 -1.1

71 -1.1

72 ~0.4

73 2.1
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TABLE 17
(WEIGHTED METHOD - 3rd DEGREE « 25 VALUE SPREAD )

Adjusted

ITEM O;ﬁf;al QJusted esidual Differences for Adjusted Values
(Degrees) (Degrees) (Degrees) L) N A A LY

1 14,1

2 13.0

3 12.6

4 12.0

5 10.8

6 9.7

7 8.0

8 7.7

9 7.6

10 7.1

11 7.1

-]-'-;-—----?-‘-énn-n-....-.gn--q--ln----—-'-n-—-q PN L L T RN N N W]

13 7.5 8.00 -0, 50

14 8.3 8.61 =0, 31 0.61

15 9.0 9,37 -0, 37 0.76 0.15 ~

16 10.7 10. 23 0.47 0. 86 0.10 =-0.05

17 11.1 11. 14 ~0, 04 0.91 0.05 ~0.05 0.00

18 11.8 12.04 ~0, 24 0.90 -0.01 -0, 06 =0,01 ~0.01 .

19 13.6 12.89 0.71 0.85 ~0.05 ~0,04 0,02 0.03

20 13.5 13,64 -0 14 0.75 ~0,10 ~0. 05 -0.01 =0, 03

21 14.8 14, 26 0. 54 0,62 -0,13 ~0,.03 0.02 0.03

22 14.4 14,72 . -0, 32 0. 46 ~0.16 ~0.03 0.00 ~0.02

23 15.3 15,00 0. 30 0.28 ~0.18 =~0,02 0.01 0.01

24 15.6 15,10 0.50 0.10 -0.18 0.00 6.02 0,01

25 15.2 16. 00 0.20 ~0.10 -0, 20 ~0. 20 -0, 20 -0, 04

26 14,2 14._70 -0, 50 -0. 30 -0, 20 0.00 0,02 0.04

27 13.9 14. 20 =0, 30 =0.50 ~0, 20 0.00 0. 00 -0, 02

28 14,1 13,50 0.60 =0,70 | =0.20 f.00 0.00 0.00

29 13,2 12.62 Q.58 -0, 88 ~0,18 0.02 0.02 0.02

30 12.0 11.59 0,41 -1.03 -0.15 0.03 0.01' { -0.01

31 10.2 10,45 ~0. 25 -1.14 ~0.11 0.04 0.01 0.00

32 8.6 9.23 0. 37 -1,22 -0, 08 0.03 -0,01 ~0.02

33 8.2 8. 00 0.20 -1,23 -0, 01 0.07 0.04 0.05

34 6.6 6. 80 -0, 20 -1,20 0.03 0.04 ~0.03 -0,07

35 5.1 5.67 =0, 57 -1.13 0.07 0.04 .0, 00 0.03

36 - 3.9 4, 66 0. 76 «1,01 0.12 0. 05 0.01 0.01

37 3.5 3.81 =0, 31 =0. 85 ‘0.16 0.04 0,01 «0,02

38 3.2 3.13 0. 07 -0, 68 0.17 0.01 ~0.03 ~-0,02

39 3.2 2.66 0.54 =0, 47 0.21 0.04 0.03 0. 06

40 2.9 2.43 0,47 -0.23 0.24 0.03 0,01 -0.04

41 2.1 2.43 -0, 33 0.00 0,23 -0,01 =0, 04 -0.03

42 2.2 2.67 =0.47 0,24 0.24 | 0,01 0.02 0.06

43 2.6 3:16 =0. 56 0,49 0.25 0.01 0.00 -0,02

44 3.3 3.88 -0.'58“ 0.72 0.23 =-0,02 -0.03 -0,03

45 4.2 4.80 -0.'60 0.92] o0.20 | ~0.03} -0.01 | o.02

46 5.4 5.89 =0, 49 1.09 0.17 -0,03 0.00 0.01

47 7.6 7.09 0.51 1.20 0.11 -0, 06 =0.03 ~-0,03




TABLE 17

EAD )}

52

(WEIGHTED METHOD ~ 3rd Degree -~ 25 VALUE SPR
ITEM i j ' .
' 0;:5:::81 A_d%ii;eed Residual Differences for Adjusted Values
(Degrees) (Degrees) (Degrees) A N £ N
48 8.5 8. 35 0.15 1. 26 0.06 -0.05 0.01 0.04
49 10.5 9.59 0.91 l.24 -0.02 ~0.08 -0,03 =0, 04
50 10.5 10. 74 -0. 24 1.15 -0.09 ~0.07 0.01 0. 04
51 11.5 11. 74 -0. 24 1.00 ~0.15 ~0. 06 0.01 0.00
52 12,7 12.52 0.18 0.78 -0, 22 ~0.07 ~0.01 -0.02
53 13,2 13,04 0.16 0.52 ~0. 26 ~0. 04 0.03 0.04
54 13.0 13. 27 0.63 0.23 ~0.29 ~-0.03 0.0L | ~0.02
55 13,7 13,20 0.50 0,07 | ~0.30 ~0.01 0.02 | 0.0l
56 13,2 12.82 0.38 -0. 38 ~0. 31 ~0.01 0.00 -~0.02
57 12. 7 12.16 0.54 | =~0.66 -0, 28 0.03 0.04 0.04
58 11.1 11. 25 =0.15 =0.91 ~0. 25 0.03 0. 00 ~0, 04
59 10.4 10.13 .0.27 | =1.12 =0, 21 0.04 0.01 0.01
60 8.9 8. 85 0,05 -1.28 ~0.16 0.05 0.01 - 0.00
'él_“_H_l-é___-“--."._“-_---Q:—oﬁ-_n:]'.‘.gg-‘-:o_._ll'-nq.._o.%_-.“0--0.0."..:0--01-
62 6.0
63 3.9
64 3.1
65 2.0
66 1.1
67 1.3
68 -1.1
69 -2.0
70 ~1.1
71 ~1.1
72 ~0.4
73 2.1



. TABLE 18
ROOT MEAN SQUARE VALUES

25 Point Smoothing

" Bpread 11 Point Smoothing
Type Original ] Standard IWeigl:ﬂ:ed Standard Weighted
- 3rd. Bih 3xd. 3rd. 5ih, 3rd.

Oraer Order Order Order Order Order { Order

R ¢sidual 0,3578 |0.2637] 0.2936 0,.7122 0.4196] 0.4356
A’ 1.0370 0.9045 |0.92723 0.9104 0.7741 0.8848] 0.8552
o 0.8750 } 0.2292 ]0.2936] 0.2175 | 0.1719 | 0.1995] 0.1815
L 1.5711 0.1878 ]0.3361] 0.0928 0. 0850 0.1103] 0,0404
bw 2.9811 0.3161 |]0.5652] 0,0781 0.1382 0.17211 0.0191
AY 5,7071 0.5802 J0.9743) 0.0951 0., 2535 0.3123] 0.0307

23
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